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Introduction 



Let C be a smooth projective curve of genus g and Uc the moduh space of 
semistable vector bundles of rank r and degree d on C. There is a natural ample 
line bundle O on Uc that we call theta line bundle of Uc, which generalises the 
line bundle on the jacobian of C defined by Riemann theta divisor [DN]. A section 
of O'^ over Uc is called a generalised theta function of order k. This definition of 
theta line bundle and generalised theta functions can be generalised to the moduli 
spaces of semistable torsion free sheaves of rank r and degree d on singular curves. 
A natural problem suggested by the conformal field theory is to study the space 
H^{Uc, by relating it to space of generalised theta functions associated with a 
smooth curve of genus g — 1- 

We consider a family of curves f : X ^ T of genus g, whose singular fibre 
Xq = X is irreducible, smooth except for a single node, so that its normalisation 
X is a smooth curve of genus g — 1- There exists a moduli scheme — > T such 
that Ait for any t E T is the moduli space Uxt of semistable torsion free sheaves of 
rank r and degree d. One can define a line bundle on Ai such that its restriction 
on A4t = is the theta line bundle Ot on Ux^- Moreover, if we have a vanishing 
theorem H^{Q^) = for any t E T, one would have that dim[H^ {Q'l)) is constant. 
Thus we need to relate the space H^{Ux, Q'^) with the spaces of generalised theta 
functions associated with X. Let xq be the node of X and tt : X X the 
normalisation of X with 7r~^(xo) = {xi, X2}. The expected factorisation rule is 



At;; 



where n runs through a certain indexing set depending on k, U~ is the moduli space 

of parabolic vector bundles of rank r and degree d on X with parabolic structures 
at xi and X2 (with weights depending on fx) and is the generalised theta line 
bundle. It is clear that to carry through the induction on genus one has to start with 
moduli spaces of parabolic torsion free sheaves of rank r on a nodal curve X with 
parabolic structure at a finite number of smooth points and prove a factorisation 
rule for generalised theta functions on them, as well as a vanishing theorem for H^. 
This was done in the case of rank two by [NR]. We will treat the general case of 
any rank in this paper. 
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Now we are going to state the main result. First, some preliminaries: 

(1) Let X be an irreducible projective curve of genus g, smooth but for one node 
xq- Let TT : X — > X be the normalization of X, and tt~^{xq) = {xi, X2}. 

(2) Let / be a finite set of smooth points on X. Fix integers d, k, r and 

d{x) = {ai{x), a2{x), ■■■ , ai^+i{x)) 
n{x) = {ni{x), n2{x), ■■■ , ni^+i{x)) 

with < ai{x) < a2{x) < • • • < ai^+i{x) < k for each x & I. Take {ax)x£i £ ^>o 
and £ > satisfying 

(*) Yl diix)riix) + rJ2oix + re = k{d + r(l - g)), 

x&I i—1 x€l 

where di{x) = ai+i{x) — ai{x) and ri{x) = ni{x) + ■ ■ ■ + ni{x). 

(3) Let Ux be the moduli space of (s-equivalence classes of) parabolic torsion free 
sheaves of rank r and degree d on X, with parabolic structures of type {n{x)}xei 
at points {x}xeij semistable with respect to the weights {d{x)}xei- The definitions 
can be extended to cover the case that /j; = for x e Q C / (Remark 1.1). 

(4) For n = (//I, • • • , Hr) with < //r- < • • • < //i < /c — 1, let 

{di = fJ,ri — fJ'ri + l}l<i<l 

be the subset of nonzero integers in {//j — //i+i}i=i,... ,r-i) and for j = 1,2 set 

i-i I 

d{Xj) = {fir, IJ,r + di,---,IJ,r + y^^di,llr + y^^di) 

1=1 i=l 

n{xj) = (ri, r2 - ri, • • • , n - n_i). 

Let W~ be the moduli space of semistable parabolic bundles on X with para- 

bolic structures of type {n{x)}j;^nj{x^,x2} points {x}xeiu{xi,x2} and weights 
{d{x)}x£i\j{xi,x2}- <^an extend the definition to cover the case that I = 0, namely, 

Hi = ■ ■ ■ = Hr- 

(5) For any data u — {k, r, d, £, I, {d{x), n{x), ax}xei) satisfying the condition (*), 
we will define a natural ample line bundle 

©Wx = Q{k,r,d,e,I,{a{x),n{x),aa;}xei) 
on Ux, and Qia is defined similarly with ax^^ = jJ-r and ax^ = k — jii. 
Factorization theorem. There exists a (noncanonical) isomorphism 

H\Ux,Qux) = ®H\U>i,eu^) 
where /j, = (fxi, • • • , fir) runs through the integers < fir • ■ • fJ-i k — 1. 
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Vanishing theorem. (1) Suppose that C is a smooth projective curve of genus 
g>2. Then H^{Uc, Quc) = 0- (2) Assume that g>3. Then H^{Ux,Qux) = 0- 

The Factorization theorem is proved in §4 (Theorem 4.1) and the Vanishing 
theorems are proved in §5 (Theorem 5.1 and Theorem 5.3). Next we describe 
briefly the main steps in the proof of the main theorems. 

We adopt a variant of a concept in [Bl] , GPS, to relate Ux with a suitable moduli 
space V of GPS on X. Such a GPS of rank r is given by a pair {E, Q) where i? is a 
sheaf, torsion free outside {xi, X2}, of rank r on X and Q a r-dimensional quotient 
of ®Ex2 such that the torsion of E injects to Q. Given such a GPS, one defines 
a torsion free sheaf F on X by the exact sequence 

O^F^TT.E^ x.Q^O 

where ^^Q is the skyscraper sheaf on X with support {xq} and fibre Q. One can 
define the notion of a semistable GPS, and prove that F is semistable iff {E, Q) 
is semistable. All this goes through if there are additional parabolic structures 
at {x}xei- There is therefore a morphism : P — > Ux, which is actually the 
normalization of Ux (§2). 

Set Q-p = (j)*Qux 1 "^^ '^ill characterize the image of H^{Ux,Qux) H^{V, Qv)- 
Our strategy is to consider the filtrations {j = 1,2) 

V D Vj := P,(r - 1) D • • • D P,(a) D Vj{a - 1) D ■ ■ ■ D P,(0) 

of subvarieties of V (Notation 2.3 in §2), and the filtration 

Ux 3 Wr-l D • • • D Wa D Wa-i D ■ ■ ■ D Wq 

of subvarieties of Ux (Notation 2.4 in §2). We will prove in §3 and §4 that V, 
T>j{a) are reduced, irreducible, normal with only rational singularities, and Ux-, 
Wa are seminormal (Proposition 3.2 and Theorem 4.2). Moreover, we will prove 
that the restriction of ^ gives the normalization 0^ : 'Di(a) Wa of Wa, 
and (p-^CWa-i) = Vi{a) n 2)2 U 2)1(0 - 1) (Proposition 2.1). AU of these proper- 
ties are essentially used to prove that there exists a (noncanonical) isomorphism 
H°{Ux,Qux) - H°{V,Qr{-1^2)) in §4 (Proposition 4.3). Note that Proposition 
2.1 is essential for the story. To prove it for the general rank case, we have to clarify 
a fact: if TZa (Notation 2.4 in §2) are saturated sets for the quotient map ? We 
prove that TZa are indeed saturated sets for the quotient map (Lemma 2.6), which 
is not known in [NR] and [S2] (See Notation 3.1 of [NR] and the 'Remarque' on 
page 172 of [S2]), thus we can even simplify the arguments of [NR] for the case of 
rank two by using our lemma. 

Let T^F be the variety parametrizing a certain locally universal family of rank 
r vector bundles S on X with degree d and parabolic structures at {x}j^fzi, U^ is 

a geometric invariant theory (GIT) quotient of the semistable points oiTZp with 
respect to the action of a suitable reductive group and certain linearization by a 
line bundle 0. Let p : TZ'p TZp denote the grassmannian bundle of r-dimensional 
quotients of S^i ® ■ One will see that 

trO/T-) c\ I n ^^ trO/'T?/ ^ t \inv trO/'f? /S» ^ „ t \inv 
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where L is essentially the line bundle 0{k — 1) along the fibres of the grassman- 
nian bundle, and { denotes a space of invariants for the group action. The 

computation of p*L amounts to the following classical problem in representation 
theory: Let Gr be the grassmannian of r-dimensional subspaces of C^*" and m a 
positive integer, how to decompose the irreducible representation H^{Gr, 0{m)) of 
GL{2r) into irreducible representations of GL{r) x GL{r) C GL{2r) (Lemma 4.5). 
The factorization theorem follows from this. 

We turn next to the vanishing theorem (1) for a smooth curve C . For the given 
data uj satisfying the condition (*), one has a line bundle G^^ on TZp, Uc is the 
GIT quotient of semistable points TZlf d TZp with respect to the action of SL{n) 
{n — d + r{l — g)) and the linearization by the line bundle 0^^, which descends to 
the ample line bundle Quc ^c- We can write 

on Tip (Proposition 2.2) for a new data Co satisfying the condition (*). Let Uc,ui 
be the GIT quotient of semistable points TZ^ <Z TZp for the SL{n) action under 
the new linearization by Qq, which descends to an ample line bundle G^;;:, on Uc,u}- 
Use the fact that the complements of TZ^J , TZ^^ and 7t| in T^f and TZ^^ are of high 
codimensions (One need here the restriction on genus, see Proposition 5.1), we have 

H\Uc, Qua) = H\nF, ©.)'"" = H\Uc,co, Det*e-^ ® uua,J 

where Det denote the determinant map and Qy the theta bundle on the Jacobian 
Jq of C. Then we prove that O^;:, ® Det*Q~^ is ample (Lemma 5.3) and thus the 
vanishing of H^{U.c,uj, Quj®Det*Q~'^®u!uc o) by applying a Kodaira-type vanishing 
theorem (Theorem V. 80(f) of [SS]). 

The vanishing theorem (2) for the singular curve X is reduced to prove the 
vanishing of H^{V, Q-p) (Lemma 5.5). There exists a flat morphism Det : V J~ 
extending the determinant morphism on the open set of stable torsion free GPS 
(Lemma 5.7), and a decomposition 

where Det^ : — > J~. is the determinant morphism. Thus H^{J~., (Det)*©^) = 
by using the vanishing theorem (1) for smooth curves, and we are left with the task 
of proving R^Det^Sv = 0. To prove that H^{V^, Op) = 0, where denotes the 
fibre of Det at any L e J~, we follow the same line in the proof of the vanishing 

theorem (1) except that Det*0~^ disappears. We do need here the properties that 
V is Gorenstein with only rational singularities. It also takes more work to prove a 
formula for the dualizing sheaf of V (Proposition 3.4 and Lemma 5.6). 

We introduce the moduli spaces and theta line bundles in §1. A detail study of 
the morphism (f) : V ^ Ux is given in §2. We prove in §3 that V and its subvarieties 
T>j{a) (j = 1, 2, < a < r — 1) are normal with only rational singularities, and 
we also prove a formula expressing the canonical (dualizing) sheaf of Ti (See §2 for 
the definition) where we need to prove 7i is Gorenstein (it is actually a complete 
intersection by using a dimension formula for double determinant varieties). The 
factorization theorem and the seminormality of Ux and its subvarieties Wa (0 < 
a < r — 1) are proved in §4. §5 is devoted to the estimation of codimensions and 
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§1 Moduli spaces and theta bundles 

We introduce the notation in this section by recaUing the construction of moduh 
spaces and theta bundles, whose proofs are contained in [NR] , where they deal with 
rank two, but the proof there goes through for any rank. We also refer to [BR] and 
[Pa] about the theta bundles on moduli spaces of parabolic bundles of any rank. 

Let X be an irreducible projective curve of genus g over the complex number 
field C, which has at most one node xq- Let / be a finite set of smooth points of 
X, and £^ be a torsion free sheaf of rank r and degree d on X. 

Definition 1.1. By a quasi-parabolic structure on E at a smooth point x & X, we 
mean a choice of flag 

= Fo{E)^ D D • • • D Fi^{E)^ D Fi^+^{E)^ = 

of the fibre E^ of E at x. If, in addition, a sequence of integers called the parabolic 
weights 

< ai(x) < a2(x) < ■ ■ ■ < ai^+i(x) < k 
are given, we call that E has a parabolic structure at x. 

Let ni{x) = dim{Fi_i{E)^/F,{E)^) and r,{x) = dim{E^/ Fi{E)^). Write 

a{x) : = (ai(x),a2(a;), • • • ,ai^+i{x)) 
n{x) : = (ni(a;),n2(a;),--- ,n/^+i(a;)). 

We use a (resp., n) to denote the map x ^ d{x) (resp., x hh. n{x)) from / to 
a suitable set. Let E' be a subsheaf of E such that E/E' is torsion free, then 
the induced parabolic structure on E' is defined as follows: the quasi-parabolic 
structure is defined by Fi^E')^ := Fi^E)^ fl E'^, and the weights by a'j{x) = ai{x) 
where i is the biggest integer satisfy that Fj{E')x C Fi{E)x- 

Definition 1.2. The parabolic degree of a parabolic sheaf E is 
pardeg{E) := deg{E) + ^ XI X] 

xel i=l 

E is called semistable (resp., stable) for {k,a) if for any subsheaf E' C E such 
that E/E' is torsion free with the induced parabolic structure, one has 

pardeg(E') < ^^^^^^(^) . rk(E') (resp., <). 
rk{E) 

By a family of rank r parabolic sheaves parametrised by a variety T, we mean 
a sheaf J-'t on X x T, fiat over T, and torsion free (with rank r and degree d) on 
X X {t} for every point t E T, together with, for each a; e /, a fiag of subbundles 
of J^t\{x}xT- The following theorem was proved in the Appendix of [NR]. 

Theorem 1.1. There exists a (coarse) moduli space U^{d,r,I,k,d,n) of stable 
parabolic sheaves F. We have an open immersion 
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where Ux {d, r, I, k, a, n) denotes the space of s-equivalent classes of semistable par- 
abolic sheaves. The latter is a seminormal projective variety. If X is smooth, then 
it is normal, with only rational singularities. 

Fix /, k, a and n, we set Ux '■= Ux (d, r, I, k, a, n) and Ux '■= Ux (d, r, I, k, a, n), 
let us recall the construction of Ux- 

Let Q be the Quot scheme of coherent sheaves (of rank r and degree d) over X 
which are quotients of O'^, where n = d + r{l — g). Thus there is on X x Q a sheaf 
^Q, flat over Q, and C^xQ ~^ -^Q ~^ ^- -^^ sheaf given by restricting 

to {x] X Q. Let Flagfi{^j.-){T^ be the relative flag scheme of type n(a;), and 
be the fibre product over Q: 

7^ = XQFlagn{x){^x)- 

xei 

Let TZ'^ (resp., 7^^*) be the open subscheme of TZ corresponding to stable (resp., 
semistable) parabolic sheaves, which is generated by global sections and its first 
cohomology vanishes when d is large enough. The variety Ux is the good quotient 
of R^^ by SL{n) acting through PGL{n). We denote the projection by 

i/j : W -^Ux. 

Choose an ample line bundle of degree 1 on X , denoted by Ox{^) from now on. 
For large enough m, we have a S'L(n)-equivariant embedding TZ ^ G, where G is 
defined to be 

G'rassp(^)(C" ®W)x JJ{Grass^(C") x Grass^^^^^iC') x • • • x G'rass^,j^)(C")} 

xei 

where P{m) = n + rm, and W = H^{Ox{m)). For any (Q!a;)a;G/ £ Z>g and £ > 
satisfying 

{*) di{x)ri{x) + r + r£ ^ kn, 

xei i=i xei 
where di{x) = ai+i{x) — ai{x), we give G the polarisation (using the obvious 
notation): 

m 

xei 

and take the induced polarisation on TZ. It was proved in [NR] that the set of 
semistable points for the SL{n) action on TZ is precisely 7^'^'^. One remarks that 
this fact is independent on the choice of a :— {ax)xei satisfying the condition (*). 
TZ^^ is reduced and irreducible, Ux is its GIT quotient. 

For any family of parabolic sheaf JF of type n{x) at a; e / parametrised by T, we 
denote the quotients ^{x}xt/ Fi{J^^x}xT) by Q{x}xT,i, and we define 

Qt := {detR7TTJ')''®fS){id(^t^{x}xTr''®<S){det Q^xT,*)''^^"^}® (rfet.F{j,}xT)^ 

xei i=i 
where ttt is the projection X x T ^ T, and det RtttJ^ is the determinant bundle 
defined as 

{detRTTTJ^jt := {detH^{X,J^t)}~'^ ® {det H^(X, J^t)}- 
If we take T = TZ^^ and a, £ satisfying the condition (*), it is easy to check that 
Q-jzss is a PGL(?i)-bundle, which descends to Ux- Moreover, we have the following 

J-1 ™ C 1 C C fMOl rTD„l ] riDOl 
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Theorem 1.2. There is an unique ample line bundle Qux — ^{k, £, a, a, I) on Ux 
such that for any given family of semistable parabolic sheaf T parametrised by T , 
we have (j)1^Qux — ^t, where (j)T is the induced map T — > tlx 

Remark 1.1. (1) It is known that the analytic local ring of 7?.** is determined (up 
to smooth morphisms) by C[X, Y]/{XY, YX), where X, Y are r x r matrices (See 
[Fa] and [S2]). Thus, by Lemma 3.8 and Lemma 3.13 of [NR], the seminormality of 
Ux is equivalent to that of C[X, y]/(Xy, yX), which is known to be seminormal 
(See [Tr]). 

(2) If we replace, in the construction of theorem 1.2, [det !F{y}xn'">Y by 

^{detT{q}^n^sY' ® (det J^{y}x7^-)^+^^ 

qeQ 

where Q is a set of smooth points of X, and '^q^qfiq — —^o, we get ample line 
bundles on Ux , which are all algebraically equivalent to ■ 

(3) We can extend the above definitions to cover the case that Iq — for q G 
Q C I. In this case, Ux denotes the moduli space of semistable parabolic sheaves 
with parabolic structures at {x}xei^Q and parabolic weights {a{x)}j:^i^Q. When 
Q = I, Ux is the ordinary moduli space of semistable torsion free sheave (i.e., no 
quasi-parabolic structure is considered), the definition of Qux Theorem 1.2 gives 
ample line bundles 0(5, /) on Ux, all of them are algebraically equivalent to the 
descendant of 

{det Rtt-jzssJ^)^ (det J^^yyxn'">)~ • 

These Q{a, I) will appear naturally in the decomposition theorems, induced by the 
1-dimensional repsentations of GL{r). 

Now we are going to recall the notion of 'generalised parabolic sheaf (GPS) and 
the construction of its moduli space ([Bl], [B2] and [NR]). We do not define the 
general notation (as in [Bl] and [B2]), but we have to consider the sheaves with 
torsion as in [NR]. Let tt : X — > X be the normalisation of X and 7r"^(a;o) = 
{xi,X2\, then we have 

Definition 1.3. Let E be a sheaf on X, torsion free of rank r outside {xi,X2}. 
A generalised parabolic structure on E over the divisor xi + X2 is a r-dimensional 
quotient Q 

Ea^, ®E^,^Q^O. 

(E, Q) is said to be a generalised parabolic sheaf, namely GPS. 

We will consider generalised parabolic sheaves E with, in addition, parabolic 
structures at the points of 7r~-'^(/) (we will identify / with 7r~^(/)). Furthermore, 
by a family of GPS over T, we mean the following 

(1) a rank r sheaf S on X x T fiat over T and locally free outside {xi,X2} x T. 

(2) a locally free rank r quotient Q of © £x2 ^• 

(3) a flag bundle Flag{£x) on T with given weights for each x e I. 

Definition 1.4. A GPS {E,Q) is called semistable (resp., stable), if for every 
nontrivial sub sheaf E' C E such that E/E' is torsion free outside {xi,X2}, we have 



pardeqiE') - drmiO^') < rk(E') • P^rdeg{E) - dim{Q) 
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where Q^' = q{E'^^ © ^4 J C Q. 

Set h = d + r{l — g), where g{= g — I) is the genus of X, and let Q be the Quot 
scheme of coherent sheaves (of degree d and rank r) over X which are quotients of 
C^. Taking d to be large enough, we can assume that for any semistable generalsed 

parabolic sheaf E of rank r and degree d we have H^{E{—xi —X2 —x)) = 0, a; e X, 
which means that C"^ — > H^{E) is an isomorphism, E is generated by global sections 
and H^{E) Ej;^ ® E^^ is onto, E{—xi — x^) is generated by global sections. Let 
T be the universal quotient := C^^^q ^J^^OonXxQ and 

n' := GrasSr{J^xi ©^0^2) Xq \ >^QFlagfi{x){^x) >■ 

There is a locally universal family of GPS parametrised by it' that we denote by £, 
which is actually the pull back of by the natural projection. Let P{m) = n + rm 
and 

G' := Grass p^^^{C^ ^W)x GrasSr{C^ C^) x Flag, 
where Flag denotes the variety 

Y[{Grassr{C^) x GrasSr,(x){C^) x • • • x Grass^,^(a,)(C^)}. 

x£l 

Then we have a 5'L(n)-equivariant embedding TZ' ^ G' . Take the polarisation 

^ — ^ xkx Yl{(^x,di{x),--- ,di^{x)} 



m 

x€l 

such that 

'^'^di{x)ri{x) + r^Q!a; + r£ = kn, 

x&I i=l xEl 

which is nothing but (*) with n — n + r and £ = £ + k. Then one proves that the 
GIT-semistable (stable) points of TZ' are precisely the semistable (stable) generalised 
parabolic sheaves, namely TZ'^^. Let V := Vj^ be the GIT quotient of TZ'^^ by SL{n) 
with the projection 

^' : jz'^^ ^ p. 
One defines an s-equi valence of GPS such that 



(1.1) E E' <^ there exist Ei = E,--- , E^+i = E' with o{Ei) n 0(^^+1) 7^ 0, 



where o{Ei) denotes the schematic closure of the orbit of Ei under SL{n). It is 
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Theorem 1.3. There exists a (coarse) moduli space of stable GPS on X, which 
is a smooth variety. We have an open immersion ^ V, where V is the space 
of s-equivalence class of semistable GPS on X , which is a reduced, irreducible and 
normal projective variety with rational singularities. 

The existence of V is known as we have shown above. We will prove in §3 that 
it is reduced, irreducible and normal with rational singularities. In fact V is the 
normalisation of Ux as we will see in next section. We complete this section by 
introducing a sheaf theoretic description of s-equivalence of GPS, which was given 
in Appendix B of [NR] in the case of rank 2. We enlarge the category of GPS 
by adopting the following more general definition, and assume that |/| = for 
simplicity. 

Definition 1.5. A generalised m-parabolic structure on a sheaf E over the divisor 
xi + X2 is a choice of an m- dimensional quotient Q of E^^ © Ex2- A sheaf with 
a generalised m-parabolic structure will be called an m-GPS, or GPS for short. A 
GPS E is said to be semistable (resp., stable) if E is torsion free outside {xi,X2} 
and 

(1) ifrank{E) > 0, then for every proper subsheaf E' such that E / E' is torsion 
free outside {xi^X2}, we have 

rank{E){deg{E') - dim{Q^')) < rank{E'){deg{E) - m) {resp., <) 

(2) ifrank{E) = 0, then E^;^ ® E^^ = Q (resp., E^^ ® E^^ = Q and dim{Q) = 

V- 

Definition 1.6. // (E, Q) is a GPS and rank{E) > 0, we set 

deg{E) - dim{Q) 

^^[^^'^^^^ — v^;^) — • 

It is useful to think of an m-GPS as a sheaf E on X together with a map 
TT^E ^^Q — > and h^{xoQ) = m. Let Ke denote the kernel of 7r*£' — > Q. 

Definition 1.7. A morphism of GPS {E,Q) {E',Q') is a sheaf map E ^ E' 
which maps Ke to Ke' (and therefore induces a map Q — > Q'). 

Definition 1.8. Given an exact sequence 

of sheaves on X, and tt^E' — > Q — > a generalised parabolic structure on E, we 
define the generalised parabolic structures on E' and E" via the diagram 

> TT^E' > TT^E > TT^E" > 



^ Q' > Q > Q" > 

The first horizontal sequence is exact because n is finite, Q' is defined as the image 
in Q of TT^E' so that the first vertical arrow is onto, Q" is defined by demanding 
that the second horizontal sequence is exact, and finally the third vertical arrow is 
onto by the snake lemma. We will write 

^ {E', Q') ^ {E, Q) ^ {E", Q") ^ 

whose meaning is clear. 
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Proposition 1.1. Fix a rational number /i. Then the category of semistable 
GPS (E,Q) such that rank{E) = or, rank{E) > with fXG[{E,Q)] = fi, is an 
ahelian, artinian, noetherian category whose simple objects are the stable GPS in 
the category. 

One can conclude, as usual, that given a semistable GPS {E, Q) it has a Jordan- 
Holder filtration, and the associated graded GPS gr{E, Q) is uniquely determined 
by (E^Q). Thus we have 

Definition 1.9. Two semistable GPS {Ei,Qi) and {E2,Q2) ore said to be s- 
equivalent if they have the same associated graded GPS, namely, 

(El, Qi) ~ {E2, Q2) ^ gr{E^, Qi) ^ gr{E2, Q2). 



Remark 1.2. Any stable GPS {E, Q) with rank{E) > must be a GPB (i.e., E is a 
vector bundle) such that E^- Q [j = 1, 2) are isomorphisms, and two stable GPS 
are s-equivalent iff they are isomorphic. In fact, let Qj be the image of E^^ Q 

and q : E^^ © E^^ Q Q/Qi — Q. Then we define E' by the exact sequence 

0^E'^E^,,Q2^ 0, 
where Q2 — Q2/Q1 ^ Q2 is the image of Ej^^ ^ Q Q. Thus = Qi and 

dim{Q) — dim{Qi) — dim{Q2) + dim{Qi fl Q2) 



l,G[E',Qi)]=fiG[{E,Q)] + 



rank{E) 



If {E, Q) is stable, we must have Qi = Q2 = Q- One can imitate the proof of 
Lemma 4.7 and Theorem 4.8 in [Gi] to show that this s-equivalence satisfies the 
requirement (1.1). 

§2 The normalization of parabolic moduli spaces on a nodal curve 

Let X be an irreducible projective curve of genus g and smooth except for one 
node xq, and tt : X ^ X the normalisation, 7r~^(a;o) = {xi,X2}- It is clear that we 
have the canonical exact sequence 

O^Ox^ T^.Ox ^ x^k{xQ) ^ 0, 

where k{xQ) denotes the residue field of xq., and we will use to denote the 
"skyscraper sheaf supported at {x}, with fibre W . 

Given a GPS (£^, Q) on X, we have the exact sequence 

It is clear that (t){E, Q) := F (which has the natural parabolic structures at points 
of /) is a torsion free sheaf on X of rank r if and only if 

(T) (TorE),, © (Tor£;),, ^ Q. 

Note that, for any sheaf E on X, we have deg{'K^E) = deg{E) + rank{E), thus 
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Lemma 2.1. Let {E,Q) satisfy condition (T), and F = (f){E,Q) the associated 
torsion free sheaf on X. We have 

(1) If E is a vector bundle and the maps E'a;. — > Q are isomorphisms, then F 
is a vector bundle. 

(2) If F is a vector bundle on X , then there is an unique (E, Q) such that 
(j){E, Q) = F. In fact, E = 7r*F. 

(3) If F is a torsion free sheaf, then there is a {E, Q), with E a vector bundle 
on X, such that (f){E, Q) = F and E^^ Q is an isomorphism. The rank 
of the map E^^ ^ Q is a iff F ^ 6^^ ^ 6®^ m^i''""^ The roles of xi 
and X2 can he reversed. 

(4) Every torsion free rank r sheaf F on X comes from a {E, Q) such that E 
is a vector bundle. 

Proof. Here we only check (3) since we will need the construction later. The proof 
of Lemma 4.6 in [NR] easily extends to the other statements for any rank. Let 
F®da;o= '^xo ® and define a vector bundle ^ on X by 

^ Tor(7r*F) ^ tt*F ^ E ^ 0. 
By the canonical exact sequence 

we get (note that n^TT*F = F ® 7r*Oj^ and F is torsion free) 

^ F ^ 7r*7r*F ^ ^^Qf ^ 0, 

where Qf '■= k{xo) ®Ox F is a vector space of dimension 2r — a. Consider the 
diagram 

> F > 7r*7r*F > ^^Qf > 

> F -^-^ TT^E > > 

where the vertical arrows are surjections and Q = (5F/7r*Tor(7r*F) is of dimension 
a. Note that ti^ti*F — » xqQf induces two surjective maps {^l*F)x^ — >■ Qf-, so is 
tth.-E ^ Q. Denote their kernel by i^i, we have exact sequences 

(2.1) ^^Ki^E^^^Q^^. 

Let h : E ^ E he the Hecke modification at X2 (See Remark 1.4 of [NS]) such that 
ker{hx2) = K2, where '■ Ex2 — E^^, is the induced map of h between the fibres 
at X2-, then one has the exact sequence for some Q2 of dimension r — a 

O^E^E^ x,Q2 ^ 0, 

namely, pardeg{E) = pardeg{F) and E^^ = E^^. We define Q by the exact se- 
quence 
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which is clearly of dimension r and 4){E,Q) = F. To check that the induced 
© Q — > (by (Q)) satisfies the requirement, we consider the restriction 

of (Q) at xq 

Fxo E^i ffi ~ ^ ^xi ffi Ej;^ Q ^ 

which implies that Im^do) fl Ex^ = Ki and ker{qi) = hx^iKi), where qi : E^i — > Q. 
Thus gi has rank a (Since hx^ is an isomorphism), and q2 is an isomorphism (Since 
ker{hx2) = K2)). 

Lemma 2.2. Let F = (f){E,Q), then F is semistable if and only if {E,Q) is 
semistable. Moreover, one has 

(1) If {E,Q) is stable, then F is stable. 

(2) If F is a stable vector bundle, then {E,Q) is stable. 

Proof See the proof of Proposition 4.7 of [NR], or [B2]. 

Given a family St of GPS parametrised by T, we can define a family J^t of 
sheaves on X by the exact sequence 

(2.2) J^T ^ X It).St ^ xoQt ^Q. 

Since £t is flat on T and Qt locally free on T, {Ft is flat on T, namely a flat family, 
thus we have 

(2.3) 4>:T^n. 

If St is a semistable family, we get a morphism (pT '■ T I^^^ Ux by Lemma 
2.1. Thus take T — IZ'^^, the morphism 4)j^,ss induces a morphism 

We use the notation in §1, and let TZ = XQFlagfi(^j.j{J-'x). Prom now on, we will 

xei 

understand that sheaves in Q have torsions only at {xi,X2}, so 7t ^ Q is a flag 
bundle. Let ^ ^ 

p-.n' 

be the natural projection, then we defined in §1 that 

= (detRn^J^)" ® (^{{detJ^xr-' ® <S^{det Q^i)''^^"^} ® {detJ^yf, 
xei i=i 

where £ = £ + k. Let {S, Q) be the universal family of GPS on TZ' , we define on 
TZ'^^ that 

e' = p*e^ {det Q)'' ® {detSy)-^. 

It is easy to check that G' is the (restriction of) ample line bundle on TZ'^^ used to 
linearise the action of SL{h) (note that S is the puUback of T by p), and descends 
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Lemma 2.3. Let r]x :— {det Q){det Sx)~^ for a point x & X and denote by 0. 
Then 

(1) 6' = p*e ® r/J 

(2) ev = rQu^- 

Proof. (1) is the definition of To check (2), consider the morphism (pj^,^^ : 
TZ!^^ — > Ux , it is enough to prove that 

From the exact sequence (2.2), we have 

detRTTT^^T = {detR7TT{TT*£T)) ® {detQr) = {detRT^x^T) ® {detQr), 
which and Theorem 1.2 in §1 imply (2). 

Notation 2.1. Define Ti to be the subscheme of TV parametrising the generalised 
parabolic sheaves (O'^ 0, Q) satisfying 

(1) = H^{E), and H^{E{-xi - X2 - x)) = for any x e X 

(2) TorE is supported on {xi,X2} and {TorE)^^ ® {TorE)^^ ^ Q- 

Notation 2.2. Define Qp to be the open subscheme of Q consisting of locally free 
quotients {O'^ — > £^ — > 0) such that 

(1) C"' — > H^{E) is an isomorphism, and 

(2) H^{E{-xi -X2-x)) = for any xeX. 

Remark 2.1. The assumption H^{E{—xi — X2 — x)) = imphes that H^{E) = 0, 
E is generated by global sections, H^{E) E^^ © E^^ is onto, and E{—xi — X2) is 
generated by global sections. It is not difficult to see ([NR]) that Ti is an irreducible 
open subscheme of TV and 

~, open open — , 

Notation 2.3. LetTZp = x^^Flagfi(^x){^x) andTZ'p = p~^{'Rf), then 

xei 

p-.n'p^ Tip 

is a grassmannian bundle over IZp, and TZ'p C 7i. We define 

^F,a •= {(-^5 Q) ^ T^'fI^xi Q has rank a}, 

and VF,i{i) '■— Rp^o U ■ ■ ■ U Rpi^ which have the natural scheme structures. The 
subschemas Rj? ^ ^'^^ ^f,2(0 ^^^^ defined similarly. Let T>i{i) and I?2(^) be the 
zariski closure ofVF,i{i) and VF,2ii) in TZ' . Then they are reduced, irreducible and 
SL{n) -invariant closed subschemes of VJ , thus inducing closed subschemes 'Di{i), 
T^2{i) ofV. Clearly, we have (for j = 1,2) that 

n' D V,{r - 1) D P^.(r - 2) • • • D D Vj{0) 

V D Vjir - 1) D P,(r - 2) D • D P,(0). 
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Notation 2.4. Let = {F en\F ® 6^^ = C>®« © m®^'^ "^}, and 

vVi = 7^o u 7^l u • • • u 7^^ 

(which are closed in TZ) endowed with their reduced scheme structures. The sub- 
schemes Wi are SL{n) -invariant, and yield closed reduced subschemes ofUx- It is 
clear that 

n D VVr-i ^ yVr-2 D • • • D Wi D Wo = 7^o 

Ux D Wr-l D yVr-2 D • • • D Wi D Wo- 

Lemma 2.4. With the above notation and (p : 7Vp — >• TZ defined as (2.3), we have 

(1) ^{Ry^r\R\,) = na+b-r 

(2) kR\,a) = kRl,a) = 

(3) (^(PF,l(i))=0pF,2(i)) = Wi. 

Proof. (1) follows from the Proposition 4.2 and Proposition 4.7 (1) of [B2]. To 
check (2), we note that (1) implies that Rp^ ^ Rpj = ^ j < r — a. Thus 

r 

4>{RF,a)= U K-(r-i) =^oU7^lU•••u7^a = 

j=r-a 

(3) follows (2) immediately. 

Proposition 2.1. With the above notation and denoting T>i{r — 1), T>2{r — 1), 

Wr-i by Vi, 1)2 and W, we have 

(1) (/) : V ^ Ux is finite and surjective, and (j){Vi{a)) = (j){V2{a)) = Wa, 

(2) {"Di Ul'2}) = \ W, and induces an isomorphism on V\{T>i[JT>2}, 

(3) ^lDi(a) '■ T^i{ci) is finite and surjective, 

(4) 0(X'i(a) \ {Vi{a) n X>2 U X)i(a - 1)}) = Wa \ Wa-i, and induces an iso- 
morphism on Pi (a) \ {Vi{a) fl P2 U 2^1(0 — 1)}, 

(5) (j) : V ^ Ux is the normalisation ofUx, 

(6) ^lx)^(a) : (tt) ^ VVa t/ie normalisation ofWa, 

(7) 0(I?i(a) nr'2) = VVa-i, and Wa-i is the non-normal locus ofWa- 

Proof. (5) and (6) are corollaries of the above (l)-(4), and Proposition 3.2 of §3. 

(1) and (3) follow Lemmas (2.1)-(2.4). In fact, the surjectivity follows from 
Lemma 2.1 and Lemma 2.4, the finiteness follows from Lemma 2.3 and the ample- 
ness of Qux ©p. 

To prove (2) and (4), we need the following Lemmas (2.5)-(2.7). We will check (4) 
here, (2) follows similarly. For any ip'{E,Q) e Vi{a) \ {Vi{a) n ©2 U I?i(a - 1)}, 
we can assume that i? is a vector bundle by Lemma 2.5, and Q is an 

isomorphism since ij)'{E, Q) ^T>2. Thus (p{E, Q) e Wa \ Wa-i by Lemma 2.6 and 
Lemma 2.4, so induces a morphism 

: Pi (a) \ {Pi (a) n P2 U Pi(a - 1)} ^ \ W^-i 

whose surjectivity follows from Lemma 2.1(3) and (f){Vi{a)r]V2iJ'Di{a — l)) = Wa-i 
by Lemma 2.4(1). Now take T = TZa in Lemma 2.7 and use the universal property 

T)! „ „f J. -VA) , -VA) { A\ 
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(7) is easy to see. In fact, (f){'Di{a) ("11^2) = V^a-i is clear by Lemma 2.4(1), and 
the non- normal locus of Wa is contained in Wa-i by the above (4). On the other 
hand, Wa-i is irreducible since T>j{a — 1) is so (Proposition 3.2) and 

<t>{Vj{a-l))^Wa-i. 

Thus it suffices to prove that (f)a '■= 0|x>i(o) '■ T^iiO') VVa is not an isomorphism 
unless Wa-i is empty. If Wa-i is not empty, so are T>i{a) P\V2 and Vi{a — 1). One 
sees easily that the fibre of (pa at the generic point of Wa-i contains at least two 
points since 2^i(a — 1) ^ T^i{ci) n T>2 clearly. Therefore (f)a is not an isomorphism 
at the generic point of Wa-i- 

Lemma 2.5. Every semistable GPS {E\Q') with rank{E') > is s-equivalent to 
a semistable GPS {E, Q) with E locally free. 

Proof. For given (£", Q') G with rank{E') > 0, if Tor(i?') = 0, then we are 
done. Thus we assume that one of Tor(i?')xj, say Tor(i?')a;j, is nontrivial and the 
lemma is true for all {E',Q') G with dim {Tor {E')) < dim{Tor{E')). 

Let ql : E'^. — > Q' be the maps induced by the generalised parabolic structure of 
{E', Q'), and choose a projection p : Q' — > C such that p{q[{ToT{E')a;^)) ^ 0. Let 
E' ^ 2:1^ ^ be the morphism 

E' -^E'^^^Q' 

and E' its kernel, which has a smaller torsion than E' by the choice of p. Then we 
have an exact sequence 

i^^E' ^E' ^ rriC ^ 

which induces an exact sequence of GPS (See Definition 1.6) if we set r = a;iC 

o^(E',g')^(i?',Q')^(T,c)^o. 

One can check that (E', Q') G C^, thus there exists a {E,Q) G with E locally 
free such that gr{E,Q) = gr{E',Q'). Since (r, C) is stable, we have 

gr{E',Q')=gr{E,Q)(B{T,C). 

Let q : E^^ © E^..^ Q and Ki — ker{qi : E^;-^ — > Q), choosing a Hecke 
modification h : E ^ E at xi (See Remark 1.4 of [NS]) such that Ki := ker{hx^) C 
Ki and dim{Ki) = 1, we get the extension 

O^E^E^T^O. 

Let Q = Q (BC and E^;-^ = h^^ {ExJ © Vi for a subspace Vi. We define a morphism 
/ : Ex^ © Ex2 Q such that Ex2 — > Q to be 
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and Ej;^ ^ Q to be 



where h^^ : E^^/Ki ^ hx^iE^^) and qi : E^jKi Q (Note that Ki G Ki). Thus 
the following diagram is commutative 



Ex,® Ex, ^^^^^ Ex,® Ex, C 



Q 



f 



c 











One checks that / is surjective by this diagram, and thus 



Q^{E,Q)^{E,Q)^{r, 







It is easy to see that (i?, Q) G and s-equivalent to (£", Q'). 

It is well known that for any F e 7^** there is an integer ap such that F®Oxo 
(^eo^ ^^©('^fc(i^)-aF)^ thus defining a function 



a : 7^*' ^ Z 



>o 



with a(F) = ai?. It is not clear that if this function induces a function 



a : ^ Z 



>o 



(See the 'Remarque' on page 172 of [S2]). However, the following lemma implies 
that a is invariant under s-equi valence, in particular, descends to Ux- 

Lemma 2.6. Let Fi F F2 be an exact sequence of torsion free 
sheaves. Then 

a(F) = a(Fi)+a(F2). 
In particular, if F is s-equivalent to F' , then a(F) = a(F'). 

Proof. For any torsion free sheaf Fj, we define a vector bundle on X to be Ei = 
7r*Fj/Tor(7r*Fj). Note that we have a diagram 



> Fi > F > F2 ^ 
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which induces 



> Fi > F > F2 > 



> TT^Ei > TT^E > 77*^2 > 



> xoQi ^ xoQ > X0Q2 > 





where Qi, Q, Q2 are defined such that each vertical sequence is exact, the third 
horizontal sequence is defined such that the diagram is commutative, which must 
be exact. 

For a torsion free sheaf F, if we define Qf 

O^F^ 7r,7r*F ^ ^^Qp ^ 

then one can see that Qi — (5Fi/7r*Tor(7r*Fi) and Q — (5i?/7r*Tor(7r*F) in the above 
diagram (See the proof of Lemma 2.1). Thus dim{Qi) = a(Fi) and dim{Q) = ai{F), 
which proves the lemma. 

Lemma 2.7. Let T be a reduced scheme, T a sheaf on X x T, flat over T, such 
that for t & T the sheaf J^t on X is torsion free of rank r and a(jFt) = a is constant. 
Then there exists a vector bundle £ of rank r on X x T and a locally free rank r 
quotient q : © 8^^ ^ Q ^ on T such that 52 '■ Q is an isomorphism, 

Qi '■ ^xi ~^ Q has rank a at each fibre and 

^ ^ (tt X I)^S ^ ^oxtQ ^ 0. 

Proof. We can assume that J-' is torsion free (See Lemma 4.13 of [NR]), and define 
Qj^ by 

(2.4) O^J^^ 7r,7r*J^ ^ xoxtQt ^ 

(we will write tt for tt x /), which gives for any t e T an exact sequence 

O^J^t^ n*n*J^t ^ xo{Q:F)t ^ 

since is torsion free. This shows that {Qj^)t — Qj^t constant dimension 
2r — o, hence Qjr is fiat (in fact, a vector bundle) on T, which and (2.4) imply that 
7T*J-' is fiat on T. 

Take a resolution — > /C — > — > tt*J-' — >^ of 7r*jF, where £ is a line bundle, 
and dualise it, we get 
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Note that /C is a vector bundle on X xT (Since tt*^ is flat over T and X is smooth) 
and (/C^)t = (/Ct)^, we have the following diagram 

> > {]a)t > £xt\'K*T,o^^^)t > 

{-K^TtY ^ {Ji^tT ^ {^tY > £xtH7T*j^t,o^) > 

which implies that Ext^^n* ,0 ^^j)t = Ext^iji* Tt,0 thus £xt^{Ti*J^^O^^rp) 
is flat over T. This shows that [n^J^Y is locally free and ((Tr*:^)^)^ ^ {T^*TtY- 
Let 8 :— {'k*TY^ be the double dual of tt*^, then we have 

(2.5) o^r^7r*:r^^^o 

which specialises for any t e T to 

^ Tor(7r*:r^) ^ Tr*:^^ ^S^^{). 
By (2.4) and (2.5), we get 

^ ^ T ^ TT^E ^ xoxtQ^O, 

and Q is a vector bundle of rank a on T. Now the same construction in the proof 
of Lemma 2.1 proves our lemma. 

Lemma 2.8. Let E' he a rank r (stable) semistahle parabolic bundle of degree d — r 
on X. Then its direct image F = n^E' is a (stable) semistable parabolic sheaf of 
degree d on X , such that F ® Oxq — rn®^ . This construction gives a morphism 

Proof. The proof of Lemma 2.1 clearly shows that E' ^ F = n^E' and F ^ E' = 
7r*F/Tor(7r*F) gives a bijection between the set of isomorphism classes of rank r 
bundles E' of degree d — r on X and the set of torsion free sheaves F of degree d 
on X with F = m®^ . 

We check now that the (stablity) semistablity of E' implies that of F. For any 
subsheaf Fi C -F of rank ri such that F/Fi = F2 is a, torsion free sheaf of rank 
r2, then a(Fi) = a(F2) = since a(F) = and a(F) = a(Fi) + a(F2) by Lemma 
2.6. Thus we have 'k^EI — Fi, where E^ — 7r*Fj/Tor(7r*Fj), and an exact sequence 
^ E[ ^ E' ^ E!^ ^ 0. One computes that 

pardeg{E^) pardeg{E') pardeg{Fi) pardeg{F) 
rank{E'-) rank{E') rank{Fi) rank{F) ' 

which proves that E' is (stable) semistable if and only if F = tt^E' is so. Since Wq 
has reduced scheme structure, the above construction gives a morphism 
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Corollary 2.1. Suppose that g > 1. Then Wq is nonempty, and contains stable 
parabolic sheaves if \I\ > 0. In particular, for any < a < r, Wa ^ VVa+i- 

Proof. We will prove in §5 that codim{lZF "v > (r — 1)(^ — 1) + 1 and 

codim{n^^ \ n"") > (r - 1)(^ - 1) + 1 if |/| > (See Proposition 5.1). Thus 
U^{d — r) is nonempty if ^ = — 1 > 0, and there exist stable parabolic bundles 
of degree cZ — r on X if moreover |/| > 0. Now using Lemma 2.8, we conclude that 
Wo is nonempty, and contains stable parabolic sheaves if |/| > 0. 

Since semistability is an open condition and Wa+i \ Wa is a nonempty open set 
of Wa+i, there is a semistable sheaf F G Wa+i \ Wa (Because we have shown that 
Wa+i is nonempty), and we can see that ip{F) G Wa+i \ Wa by Lemma 2.6. 

Remark 2.2. When X is a nodal curve of = 1 and |/| = 0, it is possible that Wq 
is empty (I am not saying that every Wa is empty). In fact, if Wq is nonempty 
in this case, then there exists a semistable bundle of degree d — r on X = by 
Lemma 2.8, which implies that r\d. 

We will finish this section by computing the canonical sheaf oiTZp- Recall that 
TT -.TZf = x^^Flagri<^^){Ta) Qf, let E = t^*T and 

Sx = Fo{£)^ D Fi{£)^ D • • • D Fi^{£)^ D F/^+i(f )x = 

the universal flag on TZp- Write Qx,i = Sx/Fi{£)x and tt^^ : X x TZp — > TZp the 
projection. Then we have 

Proposition 2.2. Letujj^^ be the canonical sheaf of TZp , anduj^ = Oj^C^^q) the 
canonical sheaf of X. Then 

LoZ^^ ^{detRn^^Sf'^ ® (g) | (rfet £,)"'^+^-'^ ® (g)(det Q^.)Mx)+ni+i{A 

^ x€l I i=l J 

® (^{detSgy-"^ ® {det RTT^^detS)-'^ . 
q 

Proof. Note that a;^^ = <^-^j^/q^ ®''''*'^Qp? proposition is clearly a corollary of 
the following two lemmas. 

Lemma 2.9. Let E be a vector bundle of rank r on M, and F{l,E) = Flagfi{E) 
of type n — (ni, • • • , ni+i), with the universal flag 

E = FoiE) D Fi{E) D • • • D Fi{E) D Fi+i{E) = 

on F{1, E) and Qi = E/Fi{E). Then 

I 

uJFii,E)/M = idetEy-^^+^^(^{detQi)-^^^+''^+'\ 
Proof. One considers F{1, E) as the grassmannian bundle 

„ . /^„„„„ / m I -c^W . 171/; 1 T7^ 
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over F{l-1,E). Then up^i^E)/ f{i-i,e) ^ det{Fi{E) ® {Fi_^{E) / Fi{E)Y), and one 
has 

I 

Thus one can compute that 



) 



Lemma 2.10. Let 0% ~ ^ ^ be the universal quotient on X x Qp. Then 

X X Qf 

curl ^ (det RTr^^Tf"" ® (g)(det JTji-^ ® {detR-K^^detT)-'^. 



Proof. We have, on X x Qp, the exact sequence — /C — 0"^ ^ JF — > 0, the 
tangent space of Qf at a point (0 ^ K ^ ^ E ^ 0) is ® £;). Prom 

the properties of Qp (the Notation 2.2), it foUows that 

ujZ} = detRTTr, (JT^JT^). 
Qf Qf^ ^ 

We will now use a variant of the method of [DN] to evaluate detR'K^^{T ® JF^). 

Let M. = 7rQpH<(-^) direct image sheaf of JF, which is local free of rank 

n = d + r{l — g). Let Gr be the grassmannian of rank r — 1 subbundles of M., and 

p : Gr ^ Qf 

the projection. We consider the canonical exact sequence on Gr 

where Ucr is the relative universal subbundlc of p*A^ on Gr, and Qor the relative 
universal quotent. Let Oori—^) = detiUar) and consider 

XxGr Gr 

Ixp 

X X Qf Qf, 

we have the induced morphism 

(2.6) TT^^t/G. ^hrP^M = (1 X p)*7ri^7rQ^,(.F) ^ (1 x p)*.F. 

Let GrQ be the open set of Gr such that, on X x Gro, the above induced morphism 
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in (2.6) is injective. Then, if we write D = Gr \ Gro, there is on X x {Gr \ D) an 
exact sequence 

(2.7) ^ nhrUcr ^ (1 X pyj^ ^ (1 X pydetiJ^) ® n^GrOoAl) ^ 0. 

We will denote the morphisms Gr \ -D — Qf and X x [Gr \ D) Gr \ D by the 
same p and tvgj.- By using (2.7), we compute that 

detR-KGri^ X pT{J^®J^'^) ={detRnGr{l x pyj^'^Y'^ ® CGr(-rc^) 

detR-KGri^ X p)*(:rv (g) detJF), 

(2.9) deti?7rGr(l x pyj^ = det RiTGri'^ x pydet{T) ® OGr{-d). 
Use 

^ 7r^^OGr(-l) ^ (1 X p)*(:fv ® c/etJT) ^ (1 x p)* ® tt^^C/^^ ^ 0, 

we get 

(2.10) detR-KGril X py (J^^^ det J^) = {detRnGr{l x pydet J^Y'^ ® OGr{-d). 
Thus, by (2.8)-(2.10) and the base change theorem, we have 

p*detRTT^^{T®T^) = p*{{detRTT^^Ty+^ ® {det Rir^^J'^y-^ 

^{detRn^^detJ^)-^} 

By duality and the exact sequence 

^ T - ^® a;xxQ,/Q, - 0^. - 0, 

Q 

one has that 

detRw^^T^ = detR'K^^{J' ®uj^^^^^^^) = {detRir^^J^) ® (^{detTq)-\ 

q 

Thus the lemma follows if p* : Pzc(Qf) — Pic{Gr \ D) is injective, which will be 
proved in the next lemma. 

Lemma 2.11. p* : Pzc(Qf) — ^ Pic{Gr \ D) is injective. 

Proof. It is well known that Pic{Gr) = Pzc(Qf) © ZOcrll)- For each fibre 
Gr{E) = p~^{E) of 7? : Gr — > Qf; -D fl Gr{E) is an irreducible hypersurface of 
Gr(£;) (See Lemma 7.3 of [DN]). Thus the ideal sheaf 

OgA-D) = p*{A) ® OGr{ao), for some A e Pzc(Qf), 
with ao ^ 0. One has the exact sequence (See Charpter II, Proposition 6.5, of [Ha]) 

Z A Pic{Gr) Pic{Gr \ L») ^ 0, 

where z(l) = OGr{—D)- For any £ G Pzc(Qf), if P*jC,\Gr\D is trivial, then there 
exists m e Z such that 

p*C = i{m) = p*(A"^) ^ OGrimao). 

TViP m Vins tn Vip> "zfrn nnmp>lv n* C = wViirVi imnlip>s f>lp>nrlv fVinf C is trivial 
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§3 Geometry of moduli spaces of generalized parabolic sheaves 

We will prove in this section that V and its subvarieties 'Dj{a) and Vi[a)r\T>2{h) 
are reduced, normal with rational singularities. In particular, we will prove that 
7Y, 'Dj{a) and Pi (a) fl X>2(6) are reduced, normal with rational singularities, and 
prove a formula to express the canonical (dualizing) sheaf of Ti. We will use the 
following device to analyse singularities of a variety V: Find varieties W and V 
and smooth morphisms f : V ^ W and f V ^ W, such that the singularities 
of V are easy to analyse. We will call V (or its complete local ring at a point) 
the smooth model of V (or local smooth model at a point of V). For simplicity, 
we assume that |/| = 0, which will not affect the generality. Let y be a scheme of 
finite type, T a locally free Oy-module of rank r and 



be the open subscheme corresponding to isomorphisms. Then we call Fy — * Y the 
frame bundle associated to JF. Moreover, if £ is a Oy -module, then the functor 



from the category of F-schemes to the category of sets is representable by 



(Proposition 9.6.1 of [EGA-I]), where £t and Tt denote the pulling backs of £ and 
to T. We will also need that 

Lemma 3.1. Let f : W ^ V be a smooth morphism. Then W is reduced (respec- 
tively, normal, Cohen-Macaulay, Gorenstein) with only rational singularities if and 
only ifV is. 

Proof. See Proposition 4.19 of [NR] for the statment about the rational singularity, 
and the other statments are well-known commutative algebraic facts. 

By a point {E, h) e H, we mean that (O" A E ^ 0, © E^.^ A C" ^ 

0) such that E is locally free outside {xi,X2}, {TotE)^^ © (Tori?)^;^ > C, and 
H'^{E{-xi -X2-x)) = Q for X e X,e induces isomorphism C" ^ H^{E). Let A 
be the category of Artinian local C-algebras, and consider the functor 



Hom(e)^, J-) := SpecS{nam{O^Y^^Y) ^ 



which parametrizes homomorphisms from Oy to J-. Let 



Fy := Isom{0^, C eom(0^, .F) 



Hom(£:, T):T\ — ^ HamoT (^t, ^t) 



ViT"" S) := SpecSi^'' 8) 



$1 : A ^ Set 



defined by (write S 



Spec{A) for any ^ e A): 




(CS uS\ _ (nn 
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Given a point z = {E,h) e 7i, let dim{hi{Ex^)) — ri and dim{h2{Ex^)) = r2- 
The map e induces two maps C" ^ E^. 0. We denote images of the canonical 
base of (under hi) by 

where j = 1, n. Without loss of generality, we assume that 



rk 



( ail • • • «ir, \ 



\<1 ••• «k/ 



= Ti 



For any algebra we use A^^ and A'^ > j^r-n denote the projections 

(2/1, Vr) ^ (2/1, •••,yrj and (yi, 1-^ {Vn+i, ■■■.Vr) respectively. Thus for any 

are surjective since it is so at the fibre then by Nakayama's lemma, from which we 
get a surjection 

Let S'^ = ker{q^), we get 



^f. ^ O^s 



[r-n] 



/■rtr-n c 



S '^2, 



X'2 



[r-r2\ 



which we denote by , , [r — ri] • hf, [r — • /if) :— (fA{£^-, h^)- It is clear that 
the restriction of ipA{£^, h^) at the fibre Spec{A/m) x X is 



E^^ <C ^^^^ C'^-'^^ , E^^ ^ <C ^^^^ C-''^ 
which is (fic{E, h). Thus the above construction gives a morphism 

: $1 ^ $2 

of functors, where $2 will be defined later. 

Let be the Quot scheme of rank r, degree d — ri — r2 quotients 

and Ql\p the open subset of locally free quotients with vanishing H^{E) such that 
(^n-ri-r2 _^ H^(^E) IS an isomorphism. It is known that Q]^ is smooth. Let 
/ : Qf X X — > Qp be the projection, £ the universal quotient on Qp x X, then 
the sheaf (See [La] for the definition) 



24 



XIAOTAO SUN 



where O = O^^^, is locally free. Write V := ^ Q]^ and 

: F X X ^ X X, 
then there exists a universal extension on V x X 

Let Wj be the total space of TiomoYi^Xii namely, the F-scheme 

which represents the functor M.om{£x^, O^^"-) (See Proposition (9.6.1) of [EGA-I]) 
and let Y := Wi x y VFj, then the /S-points of Y can be expressed as 



(£^ 5,6^^1,6) :-- 



O 



s 9, 



n—r\ —r2 



S 



^2 



where O^-^i-^^ ^ ^ q is induced from £: by a -S-point of Q],. Thus we can 
define the functor $2 : A — > Set as 



*2(^) = 



{£^, q, ^1, ^2) such that its restriction at Spec{A/m) x X 
is {E, q^, [r - ri] ■ hi,[r - r^^ ■ h-i), which is y := </?c(-E', M 



where £^ is a flat family of bundles parametrized by 5, which are generated by 
global sections and with vanishing . We have an obvious smooth morphism 
Y{—) $2 by forgetting the frames of 'Ks*£^ 1 where Y{—) denotes the functor 
defined by the variety Y . 

Lemma 3.2. The morphism (p : ^ ^2 is formally smooth. 
Proof. For any ^ — > ^0 ^ 0, where ^0 = ^/I^ = 0, we consider 

$i(A) . $i(Ao) 

For any given points (^-^o, /i"^") G ^i{Aq) and {£^ , q, ^,^2) e $2(^) such that 
> £'\. > ^^lc_.^ .i^^So® -.^So ^ 



5(,xX 



— 

and ^ilso 
point 







[r — ri] • /if°, ^2 1 So = ~ '''2] • , we need to show that there exists a 

~ ' V,' 



.So 
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such that ^A{S',h') = {SS,q,ii2) and {S',h')\s, = 

We take S' = £^ and e' = to be a hfting of 6*^°, which always exists and is 
surjective since = 0. To define h' , let qi : — > Og^ — > be the two induced 

surjections by q, and define h[ : ^^"^'^ Og, which gives a surjective morphism 
h' : ® — > Og — > since its restriction on is . One can check that it is 
what we want. 

By the above lemma, we are reduced to consider the singularities of y. To 
analyse the singularities of F, we can fix a £^ e Qp since 

Y = Wi XvW2^Ql^ 

is locally trivial, namely the singularities of Y are the same with that of any fibre 
(Note that Qp is smooth). 

Proposition 3.1. Let E be a vector bundle of rank r on X, xi, X2 & X and V = 

V{Ext^{xiC'^^ ® X2'^^^5 P 'V X X ^ X. Consider the universal extension 

on X xV, then the space E = V{Ex}^ '^^^) Xy V{Ex}^ ^^^) is reduced, irreducible 
and normal with rational singularities. 

Proof. Replace X by an affine neighbourhood of {xi, X2} where E is trivial. Fur- 
thermore, we can assume that X = such that xi = {t = 0} and X2 = {t = 1}, 
namely, 

X = SpecC[t] D {{t), (1 -t)} E = C[tY. 

Let F = Ext^i^^C^ © sack's E), and {cij} is a C-basis of F, {xij} = {e*,} is the 
dual basis of {cy}, then V = Spec{S{F^)) = Spec{C[{xij}]) and the element 

7 = ^a;,,-ey g ® F ® F = Ext\xM{^ij}V' © x,C[{xij}Y^),p*E) 

id 

determines the universal extension 

To construct the universal extension F, we need a resolution of xi^^^ © 0:2 C!^^, 

(3.1) ^ c[tY^ © c[tY^ A c[tY^ © c[tY^ ^,c^i © ^.c^^ ^ o 

where a is defined by 

C[t]- © C[t]- = 0' C[t]e„ a(e,) = | f ' ^ 

^ L (1 -^)ei, for I > n. 

We have 

Homat]{C[tY'®C[tY^C[tY) 
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Define e^- : C[tY^ © C[tY^ C[tY !{< i < n + r2,l < j < r) to be 



(e^) = (O,--- ,0,1,0,-- - ,0), eijiek) = (0, • • • , 0) if k ^ i. 



Then {cij} is a basis of F. Let = C[tY ®c Cfxij] = C[t, xijY = Oy^^' 
the puUback of (3.1). The extension E determined by 



IS 



E 



C[xij,tY®C[xij,tY'+^^ _ Y:lt?^"'C[xij,t]yk 



w w 

where W = {(7(a), -a{a)) \ a e C[xij,tY^'^'^^}. We can describe E by the foUowing 
exact sequence 



ri+r2 



0^0 C[xij,t]ek ^ C[xij,t]yk ^E^O 



k=l 



fc=l 



where P(ek) = ^(ek) ® {—a{ek)) equals to 



.7=1 



tyr+k, 

(1 - t)yr+k 



k <r\ 
k > ri. 



Thus we get 

(3.2) 

where 



Let 



We have 



^ C[x,j]ek ^ C[xi^]yk ^ E,^ ^ 



fc=l 



fe=l 



/5a.i(efe) = <{ ' . 

Z^j=i ^fejl/j - Vr+k itk>ri 

^ , , ■ TJ'j=iXkjyj -yr+k, iik<ri 

z^i=i ^fci2/i if ft > n 



Xi = 



X 



nr 



\2^ri+r2,l 



-S(£;a;i) = (xT^^) 
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and 



Note that 



r—r\ 



C[Xi,X2,y , j/r+n + l, ■ ■ • jj/r+n+ra] 

(X2-y) 



9 — r-2. 



and set 



Xij\ S{Ea;J <S>C[xij] S{Ex^) <S)C[xij] ■ ■ ■ '^C[xij] S{Ex^) 



yji = l®---0yj0---®l, (1 < j < r + ri + r2, 1 < / < 2r - ri - r2) 
we have 



= T^':^''J'Z'\ ®C C[Y3, Y4 



where 



/ yu 



Yi = 



\ Url ■ ■ ■ yr,r—ri / 



and 



/ yi,r-ri + l 



(Xi-Yi,X2-Y2) 

yr+ri + l,2i — ri— r2 ^ 
Vl/r+ri+ra,! ••• 2/r+ri+r2,2r— ri— ra / 

/ ?/r+l,l ••• J/r+l,2r-ri-r2 \ 



y^+r 1 + 1,1 

Y4 = 



yi,2r 



-ri— r2 



\ 2/r,9 — ri + 1 • • • yr,2r—r\—r2 / 



\2/r+ri,l ••• yr+r\,2r—r\—r2/ 



By taking a = Vi and 6 = r — rj in the following Lemma 3.3, note that /j.. (Xj) = {0} 
and /j.-^. (Yj) = {0}, the proposition is proved. 

Lemma 3.3. Let X = {xij)pxr, Y = {yij)rxq be two matrices and /a(X) (resp. 
Ih{Y)) denote the set of rank a+1 (resp. b + 1) subdeterminants ofX. (resp. Y). 
Then 

_ CjX.Y] 
'^''"^''(X-Y,4(X),/,(Y)) 
is reduced, irreducible and normal with rational singularities if a + b <r. 

Proof. The fact that the variety is reduced, normal and Cohen-Macaulay is a spe- 
cial case of theorems in [CS]. Theorems in [He] imply that it has only rational 
singularities (See Example 6.5 of [He]). 

Remark 3.1. The above varieties Z)a,6 were called double determinantal varieties in 
[He], whose dimension formula is 

dim{Da,b) = cbif + p) + b{r + q) — — b^ — ab. 

Take a = p — ri, b — q — r — r^ (i = 1, 2), we have D^.^^.j.. = SpecC[Xj, Yi]/(Xi • 
Yj) and dim{Dr^^r-ri) = r'^ + rf — rri. It is easy to see that the ideal (Xj • Yj) has 
rj(r — ri) generators at most and 

dim(SpecC[Xi, Yi]) — dim{Dr^^r-ri) = f^ii^ — fi) = height{I). 
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Proposition 3.2. 7i, T>j{a) and Vi{a) n'D2{b) are reduced, normal with rational 
singularities. In particular, V, 'Djia) and X'i(a) fl T>2{h) are reduced, normal with 
rational singularities. 

Proof. By Lemma 3.2 and Proposition 3.1, it is true for V,. We only need to show 
the proposition for Vj{a) and 'Di(a) 0^2(6). Let us rewrite (3.2) into 

ri r+n 

k=l k=l 

ri+r2 r+r2 

^ C[xij]ek ^ C[xij]yk E,, ^ 

k=ri + l k=l 

where Pxii^k) = S^=i ^kjVj- The universal maps E^^ —>■ 0^~^^ are induced by 

r+ri r+ri 
(/l) ■ ■ ■ ) fr+ri) ' ( ^ ^ fiVili ' ' ' i ^ ] fiViji — ri) 

r+r2 r+r2 
(/l; ■ ■ ■ ; fr+r^) ' ^ ( ^ ^ /ij/i,r— ri + 1; ' ' ' ; ^ ] /ij/i,2r— ri — r2 ) • 

Let £^a;^ — > O'^i be the induced projections by the projection in the universal exten- 
sion ((/i, ■ • • , fr+rj) ^ (/r+1, ■ ■ ■ , /r+r,))- Then the maps E^^ C are induced 
by ^ > matrices of which are 

Yi \ / Y2 

where I,-, denote rj x rj unit matrice and (Y3, Y3) = Y3 (We use the notions in 
Proposition 3.1). It is not difficult to see that the local smooth models for T>j{a) 
and X>i(a) n X>2(6) at 2; = (E, h) are 

and 

^ C[Xi,Yi] ^ C[X2,Y2] 

Spec-— — — J X Spec 



(Xi.Yi,4_,,(Yi)) ^ (X2-Y2,/6_,,(Y2))- 
The proposition follows Lemma 3.3 (Note that a <r). 

Remark 3.2. (1) It is easy to see from the proof that a point {E,h) E H is a, 
smooth point in the following cases: (i) E is torsion free at xi and h2 : Ex^ — 
is surjective, i.e., r2 = r (The roles of xi and X2 are reversed), (ii) Both of hj : 
Exj C'^ are surjective (i.e., ri = r2 = r). In particular, one can see that T>j(0) 
are smooth. 

(2) The locus of non-locally-free extensions is 

^ C[Xi,Yi,X2,Y2,Y3,Y4] C[Xi,Yi,X2,Y2,Y3,Y4] 
Spec— — — — — — — -— - U Spec- 
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More precisely, the non-locally-free locus TC Hp of H has two components X>j 
{j — 1,2): T)\ is the component of 7i \ Tip parametrising sheaves with non-zero 
torsion at xi (The T)\ is defined similarly), whose local smooth models are 

Sjicc '^t'^^' "^^^ Y4] S-pec '^['^i' "^2 9 Y2, Y3, Y4] 



(Xi-Yi,X2-Y2,/,,_i(Xi)) " (Xi-Yi,X2-Y2,/,,-i(X2)) 

We will give more information about the subschemes of H, in the following 
Proposition 3.3. 

Proposition 3.3. Let ip' : TZ'^^ V be the projection. Then we have 

(1) ii^'{v{ n n"') = Vi, i^'{vl n n"') = V2 and 

(2) the codimension one subschemes in 7i are reduced, irreducible and nor- 
mal. 

Proof. (1) We will prove that i(^'(T>2 flT^'**) = P2, the other one is similar. For any 
{E', Q') eVln 'R"'\ Tor{E')^^ 7^ by the definition, thus it is s-equivalent to a 
semistable GPS {E, Q) with E locally free by Lemma 2.5. Moreover, by checking 
the proof of Lemma 2.5, one find that E^^ — > Q has rank r — 1, so ip'{{E, Q)) e I>2. 
Each point of V2 is the image of a GPS {E, Q) with E locally free, and Er^^ ^ Q is 
not surjective. Thus E^^ — > Q is nonzero, and we can choose a projection Q ^ C 
such that Ex^ Q 'C'ls nonzero. Take E to be the kernel oi E ^ ^j^C — > and 
Q to be the image of Ex^ ® E^.^ under E^^ © Ex2 —>■ Q, we get an extension 

^ {E, Q) ^ (E, Q) ^ ( ^^C, C) ^ 0, 

and one checks that (£", Q) is s-equivalent to {E ® xiC, Q © C). Hence we proved 

that i^'ivlnn"') = V2- 

To prove (2), we only need to check the irreducibility, and the other facts follow 
the Remark 3.2 (2) and Lemma 3.3. On X x H, there is an exact sequence 

where /C is a vector bundle. It is easy to see that Vl is the subscheme of 7i defined 
by 

Vi = {hen I rank(/C(.„;,) ^ Of^^^^^) <n-r-l}. 
Thus we only need to prove the open subset 

= {heVi\ ranA;(/C(,,,,) ^ Of,^,,)) = n - r - 1} 

of Vl is irreducible. Vl'^ is the open subset of sheaves of the form E Q) ^2^^ with E 
generated by global sections and having vanishing H^{E). It is now straightforward 
to imitate the proof of Remark 5.5 of [Ne]. 

We have shown (See Remark 3.1) that H is Gorenstein, so it has a canonical 
sheaf. Before closing this section, we will prove a formula to express the canonical 
sheaf of H. Let 

O^^E^O, £x,®£x2^Q^0 
be the universal quotients on X x H and H, we write down an obvious lemma at 

a J- 
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Lemma 3.4. Let co^ = q) be the canonical sheaf of X and ujj^, denote the 

canonical bundle ofTZ'p. Then 



= {detRTT^,^8f'' ® (g) <^ {det8,r'^+^-^ ® ^{det 
® ^{deteqf-"^ ® {detRiT^, detS)~^ O {det Qf'' O {detSx^y O {detSx^y. 

Proof. IZ'p Tip is a grassmannian bundle over Tip, then use Proposition 2.2. 

We will give an extension of the right-hand side of the above formula to 7i as a 
line PGL(?T,)-bundle, then to prove that the extension gives the canonical bundle 
of H. Note that we have an exact squence 

on X xH, and JC is flat over H since E is so. One proves that JC is locally free on 
X X H (By using Lemma 5.4 of [Ne]). For a; e X \ {xi,X2}, we have the identity 
det)Cx)~^ = det Ex onH. It is clear that 

r «x 
Q-^ : = {detRTTnSf'' <^ {det ExT'-+'-'' ® (^{det Qx,iT'^''^+'''+'^''^ 

(^{detSq)^-"^ ® {detRTTndetlC-^)-^ ® {det Q)^^ ® {detlCx^f ® {detJC^^Y 

is an extension of the line bundle in Lemma 3.4. We now prove that it is the dual 
of the canonical sheaf of H. 

Proposition 3.4. Let K, be the kernel of the universal surjection £ on 

X xTi, and u-h denote the canonical bundle ofTi. Then 



{x) 



uj-^ = = {detR-KnSf ® (g) <^ (det £:,)"'^+i-'" ® (g)(det 
® ^{detSqf-'' ® {det RTTndet IC-^)-^ ® {det Q)^'' ® {detJC^^Y ® {detlC^^) 



Proof. By Lemma 3.4, uj^ = O ^ holds outside the Pj, we will check that it ex- 
tends to each "Dj. For definiteness take j = 1 and for simplicity of notation suppose 
there is no ordinary parabolic point. We will determine o;-^ in a neighbourhood 
of a suitable point of T>\. Since T>\ is irreducible, it will be enough to show that 
oj^^ = i}~^ holds in one such neighbourhood. 

We consider a point (C" ^ — > 0, Q) in 7i satisfying 

(1) E has torsion at X2 (i.e., the point lies on T)\), 

(2) E is locally free at Xi, and 
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The conditions (2) and (3) will hold in a ncigliourhood U of the point. On X xU, 
we define a locally free sheaf £ by the exact sequence 

(3.3) O^S^S^ ^,Q^0, 

where ^2 Q is the sheaf on X xH got by pulling back Q from H and then restricting 
to {0:2} X 'H. We can assume that for any u E U the vector bundle Eu is generated 
by global sections and H^{£u) = 0. Thus ttu^^E is a locally free sheaf of rank n — r 
and commutes with any base change {t:u denotes the projection X xU — > ?7). Let 
p : Fjj ^ U denote the frame bundle of ttu*^- We will use the same notation £, £ 
and Q to denote their pulling back to X x Fjj and Fjj. 

Let Q be the Quot scheme of rank r, degree d — r quotients 

Qn-r 

and Qf the open subset of locally free quotients generated by global sections with 
H^{E') = and O^'"' E' ^ induces isomorphism C^"'^ = H^{E'). Let 

C)n-r_ ^ ^ 
XxQf 

be the universal quotient, then there is a morphism /i : Fjj — > such that (1 x 
fiYS' = S. Let tTq : Xx Qf Qf be the projection and E = Ext\^ ( x^^'x^ 1 

(See [La] for the definition of the sheaf), where 0:2^^1 is the sheaf on X x Q^? got 
by pulling back E'^.^ from Qj? and then restricting to {x2\ x Qj?. Then there exists 
a universal extension 

^ (1 X ?i)*^' ^ ^ xA^'x,^^ 

on X X "l/(E^), where gi : V{¥y) Qp is the projection. Note that = ^ Q 
on U and (3.3), we have a morphism /2 : Fu V(E^) such that fi = qi • f2 
and (1 X f2)*£' = £■ Let q : Fy V{¥y) be the frame bundle of Tiy^E' , where 
TTv ■ X X V{¥y) V{¥y) is the projection, and A q*{Tiv*S') the universal 
frame. Then, if we denotes the pulling back of £' and £' still by £' and £\ there is 
a morphism f : Fu ^ Fy such that (1 x f)*£' = £, (1 x f)*£' = S and 

0% n^F.^n 



> T^Fu*^ 

is commutative, where O'p^ — > 'Kfu*£ is the induced isomorphism got by taking 
direct image of 0% „ — > £^ — > 0. 

It is not difficult to check that / : Fu — > Fy is unramified. In fact, the universal 
frame q*{'ny^S') induces a quotient 

n V ^^*^'^* ^„ p'\ ^ n ^ — ^ n 
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on X X Fvi which gives a morphism gi : Fy — > it such that £' = {1 x gi)*£, the 
universal extension gives a quotient 

on Fy, and thus a morphism g2 : Fy — > U such that g2Q = and (1 x g^)*^ = ■ 

Finally, the universal quotient q induces an isomorphism = 

ttfy*^' 1 thus we have a morphism g : Fy — > Fu, which can be checked to be a section 
of / : Fjj — > Fy. Hence / is actually an isomorphism if dim{Fu) = dim{Fy). 
Now we check that dim{Fu) = dim{Fy), it is easily to check that 

dim(Fu) - dim(Fy) = - rank(E). 
Thus we need to determine the locally free sheaf E = Ext\._ {x2^'xii^')- Use the 

Q F 

exact sequence 

- ^XxQ.(-{^2} X Q^) ® TTi - TTi /^^ ^ ^ 

and that Exti^ (tt*- 8' , £') = AS' ® 7ri = 0, we have 

(3.4) ^ tTq^,!^') ® ^ 7rQ^,(£' ® O^^Q^ ({X2} X Q^)) ^8^^^^^- 

One can see easily that rank{K) — r^, and thus ujfu = f*^Fv = f*Q*^v- 

Since a;^^ = g^w-^ ® c/et(Qi[;E) and det(E) = (detS' Y ® {det £' )-'' (By using 

(3.4) and Riemann-Roch theorem), we have, using Lemma 2.10 and the pulling 
back of (3.3), 

o;-^ ={detR7TFu^f'^ ® (^{detSqy-'' ® {det RTTpudetE)-'^ 

(3.5) 5 

® {det Qf"- ® {detl^J ® {detS^,)-"^. 

On X X Fu, let K,' be the kernel of — > £^ — > Q, then we have the commutative 
diagram 



> /C > /C' > £ > 

(3.6) > IC > > 8 > 



X2 



Q 



X2 



Q 
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One sees easily that K,' is a vector bundle of rank n, and (Note that Fu is smooth) 

detK' = C»xxF^(-^ • {^2} X Fu). 
Thus we can compute easily that 

det Rnpudet £ =det RTTpuidet K,' (8) detlC~^) 

= detR7TFu{detlC~^) O {det IC^^y . 

Note that detSx^ = {detK,x2)~^ ® (^6^^0:2) th.aX detKL'^.^ is trivial, we have 

o;-^ ={detR'KFuSf'' ® ^{detSqf-'' ® {det R-KFudetK,-^)-'^ 

(3.7) 

{det Qf"^ ® {detlCxJ ® {detJC^.y. 

Thus, by (3.7), we have p*ojy^ — p*VL~^ , which shows clearly that = fi"^ holds 
on U since p : F[/ — > t/ is locally trivial for the Zariski's topology, and we are done. 

§4 SEMINORMALITY AND THE DECOMPOSITION THEOREM 

Let Iz denote the ideal sheaf of closed subscheme Z in a scheme X. When Z 
is of codimension one (not necessarily a Cartier divisor), we set Oxi—Z) := Iz- If 
£ is a line bundle on X and y is a closed subscheme of X, we denote C® Iz and 
the restriction Iz ® Oy of Iz on Y by C{—Z) and Oy{—Z). Now we collect some 
general facts at frist. 

Lemma 4.1. Let V he a projective scheme on which a reductive group G acts, 
C an ample line bundle linearising the G-action, and the open subscheme of 
semistable points. Let V' be a G-invariant closed subscheme ofV'^'^, V' its schematic 
closure in V. Then 

(1) v''' = V\ and V'//G is a closed subscheme ofV//G. 

(2) iy°(F**, cy'^'" = H^iW, Cy^'" , where W is an open G-invariant (irreducible^ 
normal subscheme of V containing V^^ and ( )*"^ denotes the invariant 
subspace for an action of G. 

Proof. See Lemma 4.14 and Lemma 4.15 of [NR]. 

Lemma 4.2. Let V be a normal variety with a G-action, where G is a reductive 
algebraic group. Suppose a good quotient tt :V ^ U exists. Let C be a G-line bundle 

on V , and suppose it descends as a line bundle C on U . Let V" C V C V be open 
G-invariant subvarieties of V , such that V maps onto U and V" = tv~^{U") for 
some nonempty open subset U" of U . Then any invariant section of L on V' 
extends to V. 

Proof. See Lemma 4.16 of [NR]. 

Lemma 4.3. Suppose given a seminormal variety V , with normalization a : V 
V. Let the non-normal locus be W, endowed with its reduced structure. Let W 
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N he a line bundle on V , and let N he its pull-hack to V (N = a*N). Suppose 
H^{V,N) H^(W,N) is surjective. Then 

(1) There is an exact sequence 

^ H^{V, N®I^)^ H^{V, N) H^{W, N) 0. 

(2) IfH\W, N) H^(W, N) is injective, so is H^(V, N) H\V, N). 
Proof. See Proposition 5.8 of [NR]. 

Lemma 4.4. Let G he a reductive group and P a paraholic suhgroup. Let C he an 
ample line hundle on G/P , and X a union of Schuhert varieties with the reduced 
structure. Then 

(1) the restriction map H^{G / P, C) H'^{X,C) is surjective, and 

(2) H'{G/P,C) and H'{X,C) vanish for i > 0. 

Proof See Theorem 3 of [MRa]. 

Remark Let Fi and F2 be two vector spaces of dimension r, and Gr denote the 
grassmannian GrasSr{Fi © -F2) of r-dimensional quotients. Let Ej be the vector 
bundle on Gr generated by Fj, and let £'1 © £"2 — > Q be the universal quotient. 
Write Ij = {detEj)-^ © detQ and 

Dj{a) = {g e Gr\rank{Ejq —>^Qq)<a}. 

The action of GL(Fi) x GL{F2) on Gr lifts to the line bundles /j, and the subvari- 
eties Dj{a) are invariant under the action of GL{Fi) x GL{F2). Thus H^{lj) and 
Di{a)nD2UDi{a-i)) GL{Fi) X GL{F2) modules. By Lemma 4.4, 

(4.1) H^{l\^ © -fDi(o)n02UDi(a-l)) H^{li) |Di(o)nD2UDi(a-l)) 

is an exact sequence of GL{Fi) x GL{F2) modules. Thus it is splitting. 

Proposition 4.1. The following maps are surjective for any 1 < a <r 

(1) J/0(I)i(a),ep) ^JfO(Pi(a)nl)2UPi(a-l),ep). 

(2) H^{Vi{a), e-p) ^ H^{V^{a) n P2, Qv)- 

Proof. It is clear that the following Proposition 4.2 implies Proposition 4.1. 

Proposition 4.2. The following maps are surjective for any 1 < a < r 

(1) H^iV,er)^H^iViia),Qr). 

(2) Or) ^ H''{Vi{a) n P2 U Pi(a - 1), 6^). 

(3) H\r,Qv) ^ H^{'Di{a)r\V2,Qv)- 

Proof. We will deal with (2) in detail, the other statements will follow the same 
proof. Let us consider the diagram 

i70(:^'ss^e/)mt; — ^ iyO(:Di(a)^^n:Df u:Pl(a-l)^^e')*^^ 

H^{ji^Q'Ynv , H^{Vl{a)r^V2l^Vl{a-l),ey'' 

h d 
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We need to prove that a is surjective. The map e is an isomorphism by Lemma 4.1. 
To prove that b is an isomorphism, it is enough to check that 

is an isomorphism. We use Lemma 4.2 with the identification V — TZ^^ ^ U — V, 
TT = t/^', V' = TZ'^^ n n'p and U" = V \ {Vi U V2) (One can show that U" = 
V \ {Vi U P2) is nonempty, for example, by Corollary 2.1). Lemma 2.5 shows that 
y = 7t n TZ'p maps onto U = V. Thus b is also an isomorphism. 

Given a section s of if°(Pi(a)'^'*nli'|*Uli'i(a — 1)^*, it extends to sections 

si, S2 on 'Di(a) fl 1)2 and I?! (a — 1) by Lemma 4.1 since I?i(a) fl I?2 and 1^1(0 — 1) 
are normal, which are equal on Vila)^'"^ fl "Dl* fl Vi{a — 1)^^. For any point x G 
I)i(a) n'D2 r{Vi{a — 1) — 'Di{a — 1) fl 1)2, we have si{x) — S2{x) if x is semistable, 
and si{x) — S2{x) = if a; is nonsemistable (by the definition of semistability) . 
Thus the sections si and S2 yield a section on X>i(a) fl X>2 U Pi(a — 1), which is an 
extension of s. This proves that / is an isomorphism. Hence we only need to prove 
that ^ 

H\n'p, e'Y^^ A h\VfM n Vp^ u 'DF,i{a - 1), e')^"" 

is surjective. Recall that p : TZ'p — > T^i? is a grassmannian bundle over TZp- The 
Lemma 4.4 implies that 

p*(0' ® -^x'^ i(a)nr>i.,2u:DF,i(a-i)) ^ /^*®' ^ /^*(®'lx'F,i(a)nr>j.,2u:DF,i(a-i)) ~^ ^ 
is exact. In fact, we claim that the above sequence is splitting. Note that 

e' = p*e^ ® {detQf ® {det£y)~*' 
and £ is the puUback of .F by p, we can rewrite 

G' = p*(G^ ® detJ^-^ detJ^^J ® {det Q detS-^f. 

Let X = VF,i{a) n Vf,2 U VF,i{a - 1) and 7],,^ = {det Q){det £a:,)~^ . Then it is 
enough to show that 

(4.2) ^ p.« ® Ix) ^ P*r7^, ^ p*(^', ® Ox) ^ 

is splitting. The above direct image sheaves can be thought of as vector bundles 
associated to representations of GL{r) x GL{r) in (4.1) of Remark 4.1 (See Re- 
mark 5.10 of [NR]). Thus, by the Remark 4.1, (4.2) is splitting and we proved the 
propostiotion. 

In order to prove the following proposition, we need to show that Wa is semi- 
normal for any < a < r. However, we will admit this fact, and prove it later, so 
that we can prove the decomposition theorem as soon as possible. 

Proposition 4.3. We have a (noncanonical) isomorphism 
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Proof. If we take, in the Lemma 4.3, V = Wa, V = Vi{a), a = (plviia) and N = 

Gwxiwa, then we have = Wa-i, W = Vi{a) nV2^T>i{a- 1) and N = Qrlv.ia) 
by Proposition 2.1. Use the Proposition 4.1(1) and Lemma 4.3, we have 

^ H''{V^{a),er®IJ>^ia)m^,u■D^ia-l)) ^ ° (Wa , G^,^ ) ^ i^^ (W^-l , Gz,^ ) ^ 0. 
Thus we have a noncanonical isomorphism 

r 

(4.3) H\Ux,Qu^) = H\Wo,eu^)(B^H\V,ia),Q-p®Iv,ia)nv,uvAa-i))- 

a=l 

If we define Vi{-1) = 0, note that Pi(0) = Wq and 2)1(0) n = (By Lemma 
2.4 (1) and Lemma 2.5), we can rewrite (4.3) into 

r 

(4.4) H\Ux,eu^) ^ ^H\Vi{a),Qv<^Iv^ia)n'D,uv,ia-i)). 

By Proposition 4.1, we have 

H\V^{a), Gp ® Iv,{a)^-D,vj-D,{a-i)) ® H\V^{a) n U Pi(a - 1), Gp) 

which and (4.4) implies that 

r r 

(4.5) 0if°(Pi(a), Gp) = if°(Wx, e^,^) © H\Vi{a) n ©2 U Pi(a - 1), Gp). 

a=0 a=0 

By using the following exact sequence 

C'p^(o)nr>2UX'i(o-i) ^ C'x)i(a)nr>2 ® ^PiCa-i) ^ ^■Dx{a-i)r\V2 ~^ 0) 
and Proposition 4.1, we get 

iy°(Pi(a) n P2, Gp) ® iy°(Pi(a - 1), Gp) 
^ ii'°(Pi(a - 1) n P2, Gp) © iy°(Pi(a) n P2 U Pi(a - 1), Gp). 

By (4.5) and (4.6), we have a noncanonical isomorphism 

H'^iKx, Gw^) © if°(Pi(r) n V2, Qv) = H\Vi{r),Qv). 

On the other hand, by Proposition 4.2, we have the exact sequence 

^ H\V, Gp(-P2)) ^ iy°(P, Qv) ^ i^°(^^2, ©p) ^ 0. 

Thus we proved our proposition if one remarks that 'Di(r) = V. 

We recall some facts about the representation of GL{n) (See [FH]). For any 
partition A = (Ai > ■ ■ ■ > A^ > 0), wc have the so called Schur functor and Schur 
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Schur functors Sa to the standard representation V of GL{n). We denote these 
representations ^x{V) by Rx := i?Ai,-,A„, and Dk = (A"F)®'', then 

Rxi+k,- ,A„+fe = Rxi, - ,A„ (8) Dk, 

and the dual of i?Ai,- -,A„, which is isomorphic to §a(^*), is the representation 
i2_A„,... ,-Ai- In a more fantastic language, Rx is the irreducible representation 
with highest weight 

(Ai - X2)uJi + (A2 - X3)UJ2 H 1- (An-1 - Xn)0Jn-l + XniOn, 

where a;i , • • • , a;„ are the fundamental weights defined by 

uji{diag{ai, ■■■ , an)) = ai H h a^. 

Let N/^yx denote the Littlewood-Richardson number. Then we have a general de- 
composition over GL{V) x GL{W) 

(4.7) Sx{V © W^) = N^yxi^^V (8) SyW) 

the sum over all partitions v such that the sum of the numbers partitioned by /j, 
and V is the number partitioned by A. 

For j = 1, 2, let Ej be r-dimensional vector spaces, and Gr denote the grass- 
mannian of r-dimensional quotients Ei ® E2 ^ Q- We still use Ej to denote the 
vector bundle on Gr generated by Ej, and use Q to denote the universal quotient 
Ei®E2->Qon Gr. 

Lemma 4.5. Let Ij denote the line bundle {detEj)~^ ® detQ on Gr. Then we 
have a natural isomorphism of GL{Ei) x GL{E2) modules 

H\Gr,l^) = 0S^(Ei) ® §^(£^2*), 

where fi — (/xi, • ■ • , Hr) runs through the integers < //r < ■ ■ ■ < A*i ^ 

Proof. It is clear that H^{Gr,l^) = (A^Ea)""' ® H^{Gr, {det Q)""), the space 
H^{Gr, {det Q)"^) is an irreducible representation of GL{2r) with highest weight 
mojr (See §15.4 of [FH]). Thus 

iy°(Gr, Z^) = (A^E2)-^ ® ^x{Ei ® E2), 

where A = (m, • • • , m). Use (4.7), we have 

Sx{Ei © E2) = N^yx{^^Ei ® SyE2). 

Clearly, if N^^x 7^ 0, /U = (/ii, ■ ■ ■ , /z^) must satisfy that < /i^ < • ■ ■ < /ii < 
The skew schur function Sx/ix = \Hxi-)jtj-i+j\ {hj = 1; ■ • " )^) can be written into 

Q. , — \^ AT . Q 
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in terms of ordinary schur polynomials Sy (See §6 of [FH]), where Sy = \Hy.^j_i\. 
On the other hand, for a given = (//i, • • • , //^) and A = (m, • • • , m), 

^X/l^ ~ \Hm—iJ.j—i+j\ — \Hm—iJ.i+i—j \ — \Hm—fj,r-i+i+j—i\ — 

where v = (m — ■ ■ ■ ,m — ni). Thus A^^^^a = when v ^ (m — /ir, • • • — /ii) 
and N^yx = 1 when v = (m — jir, • • • — fii). Note that 

(4.8) V_^,,..,^_^,)(i?2) - {A''E2r®ME2)- 
We have 

which proves that 

(4.9) H\GT,lf) = 0§^(£;i) ®§^(E2*) 

where /i runs through the integers 0<//r<---<A*i^"^- 

Given fj, = (/ii, • • • ,fj,r), S/u(^'i) is the irreducible representation of GL{r) with 
highest weight 

(/^l — /^2)i^l + h (/^r-l — A*r)l^r-1 + A*rl^r. 

We can rewrite it into (Forgetting the zero terms) 

(/^ri(xi) — A*ri(a;i) + l)'^ri(xi) + ^ (/^n(xi) " (xi) + l )'^r( (n ) + ^r'^r. 

Let (ii(xi) = Unixi) - /Uri(xi)+i (« = l,-"" ,0 and Flagri(^^){Ei) the flag variety 
of type n{xi) = (ni(xi),--- ,nz(xi)), where ?ii(xi) = ri(xi) — ri-i{xi) (we set 
^i(^i) = ''i(^i)). If we denote the universal flag on Flagfi(^xi){Ei) by 

El = Fo{Ei) D Fi{Ei) D • • • D ^^(Ei) D Fi+i{Ei) = 

and the quotient Ei/Fi{Ei) by then we have 

I 

(4.10) i?0(FZa^^(,^)(£;i),(g)((ietQi,,J'^^("i))®(A'^^i)'^'- =§^(£;i). 
Similarly, if we set ri{x2) — r — r/_i_|_i(a;i) and di{x2) — (ii_j_|_i(xi), we have 

(4.11) H\Flagriia:,){E2), ^{detQi,,,Y^^-^^) ® {A'E2)-^^ = n^{E*). 

We remarks that I may be zero, namely, n = (/z^, ■ ■ ■ , A*r) and S^(£^i) is the one- 
dimensional irreducible representation (A'^Ei)'^'' in this case. 

Recall that — — is the universal quotient on X x Qp and 
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We will use £ to denote the various puUbacks of J^. Let Qj : Flagfi(^^.^{J^xj) Qf 
(j = 1, 2) be the relative flag scheme of type n{xj) and 

S,^ = Fo{S^.) D D ■ ■ ■ D Fi{£,.) D Fi+i{S^.) = 

the universal flag on Flag^(^xj){.^xj)- If we set Qxj,i = £xj Fii,£xj) and 

i=l 
/ 

where the integers Z, ni{xj) and di{xj) {i = I,-- - ,1) were deflned in (4.10) and 
(4.11) (determined by fx). Then we have 

Lemma 4.6. Let E^^ ® S^.^. Q be the universal r -quotient on Grass{£x^ ® ^X2)? 
and ^ 

: Flagfi(xi){^xJ Flagfi(^x2){^x2) ^ Qf- 

Write r]x '■= (det Q){det £x)~^ for a point x & X. Then we have 

/*(C) = 0/^^:(^i®^2) 

where n = {fxi, • • • , Hr) runs through the integers < ■ ■ ■ < /Ui <m. 

Proof. This is the immediate corollary of Lemma 4.5 and (4.10)-(4.11). 

For |U = (/Ui, • ■ ■ , /Ur), let U~ be the moduli space of semi-stable parabolic bundles 

on X with parabolic structures at points / U {xi,X2} and weights a{x) for x G / 
(See definition 1.1 in §1) and for j = 1, 2 

l-i I 

a{Xj) = (//r,/^r + di{Xj), ■■■ ,l^r + ^di{Xj),flr + ^di{Xj)). 

Let 

€>wii = Q{k,£,a,a,lU {xi,X2}) 

X 

be the line bundle defined in Theorem 1.2 with ax^^ = fir and ax2 = k — fxi. Then 
we have the decomposition theorem 

Theorem 4.1. There exists a (noncanonical) isomorphism 

where n = (/Ui, • • ■ , Hr) runs through the integers < /x^ < • • • < //i < /c — 1. 
Proof. We consider the commutative diagram 

TZ'p = GrasSr{J-xi ® •^0:2) TZf — - — T^f 

9 



pi 
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and note that G' = p*©^^ ® {detQ)^ ® {detSy)-^ . Then 

G' ® 0{-f)2) = p*e^^ ® {detSy)-^ ® {detE^^f ®p\r]l-^. 

Thus 

p*(G' (8) 0{-V2)) = G^^ {detSy)-^ ® {detS^.f 
By Lemma 4.6, we have 

(4.12) p,(G' (!?(-P2)) = 0(©^^ ® {detSy)-^ ® {detS^^f) ® g^KiC^ C^) 

where = {pi, ■ ■ ■ , /x^) runs through the integers < /xi < • • • < /x^ < — 1- Let 
:='Rx^ Flagfi^^^){J^^J Xq Flag^^^^){Ta:^) = Xq Flagn{x){^x) 

and 

G^ = {detSy)-^ ® {det£a,^f) ®Ct® C^. 

Recall that (See §1) 



G^^ = {detRn^Sf ® 0{(rfet ® (g)(det Qa.,i)^'^"^} ® (det 
and use the definition of and has 



G^ = {detR'K^.Ef ® {(rfet£^)«- (8 (g)(det (cJetfj,)^ 

a;G/U{a;i,a;2} «=1 

with aa;^ = /ir, Cix2 — k — Hi and Za;^ = 1^2 — I- ©/u is the restrication to TZ^ of a line 
bundle linearising the /S'L(n)-action on the projective variety TZ^^ and is the GIT 

quotient of the semistable points (TZ^Y^ C TZ^. Note that ri{x2) = r — ri-i+i{xi) 
and di{x2) = di-i+i{xi), we can check that 

xe/U{a;i,a;2} *=1 a;G7U{a;i ,a;2} 

Thus ©u descends to the line bundle Quft on W~ , and 

H^{u^,Ou^) = H^TZ'^'^e^y''''- = if°(:^^,©^)^"^-. 

Let p'* : 7?.^ — > 7?.^ be the projection, then (4.12) can be written into 
(4.13) p.(0' ® 0(-P2)) = 0P^0^. 
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Thus 

On the other hand, since a section of O' ® 0(— 1?2) is also a section of 0', we have 
by Lemma 4.2 (See the proof of Proposition 4.2 for details), and 

H^{n'' n n'p, e' ® c(-p2))'''''- = H^in'^, &' ® c(-p2))'"''- 

by Lemma 4.1. Thus one get a canonical decomposition 

(4.14) H\v, ev{-v2)) = e^,^ ). 

The theorem follows Proposition 4.3 and the proof is completed. 

Remark 4- 2- The proof of the above theorem gives also a decomposition of p*(0') 

p*(e)') = 0p^e)M: 

where fx = (/Ui, ■ ■ ■ , fXr) runs through the integers < fxi < ■ ■ ■ < Hr < k. 

Now we are in the position to deal with the seminormality of subvarieties Wa, 
which was actually hidden in some literatures ([Fa], [S2] and [Tr]). Our task here is 
to reveal the fact in these literatures. In order to make our paper self-contained, we 
begin with the definition of seminormality (See [Sw] or [NR]) and we also assume 
that |/| = for simplicity. 

Definition 4.1. An extension A <Z B of reduced rings is subintegral if 

(1) B is integral over A 

(2) Spec{B) — > Spec{A) is a bijection 

(3) kAnp kp is an isomorphism for any p G Spec{B), where kp — Bp/pBp. 

Definition 4.2. Let A <Z B be reduced rings, we say that A is seminormal in B if 
there is no extension A C C C B with C ^ A and A C C subintegral. We say that 
A is seminormal if it is seminormal in its total ring of quotients. A variety V is 
seminormal if its local ring at any point is seminormal. 

Proposition 4.4. Let V be an variety and Op denote the completion of Op. Let 
Ii and I2 be two radical ideals in a ring A such that Ii + I2 is radical. Then we 
have 

(1) V is seminormal if, for any p e V, Op[[ui, • • • , Un]] is seminormal for some 
n. 

(2) A/Ii n I2 is seminormal if A/Ii and A/I2 are seminormal. 
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Proof. See §3 of [NR]. 

Let Q be the Quot scheme of semistable torsion free sheaves of rank r and degree 
d, and JF a universal sheaf on Q x X. For any q G VV^ C Q, we wiU prove that 
Oy^ ^[[-Ui, ■ ■ ■ , Un]] is seminormal for some n, which will imply that Waj thus Wa, 
is seminormal by (1) and (3) of Proposition 4.4. Without loss of generality, we can 
assume that q is the point of Wa such that 

•^q,x — iii'x • 

To work out the local model of VV^ at g, we have to recall the local model of 
Q at g (See Huitieme Partie III of [S2]). It is known that there is a subspace 
W C H^{X, T*{m)) of dimension r such that Tq{—m) O ® W* is injective and 
induces the canonical inclusion m®*" C O®*" for some m (Proposition 21 of [S2]). 
Let A be the category of Artinian local C-algebras, and Xa = X x Spec{A) for 
any object A of A. Let Ta ^ be an exact sequence, which induces 

0\ Tq ^ ^ X ,W A C H.^{XA,T\{m)) a free A-module of rank r such that 
Wa ®a A/ruA = W, then 

J'Ai-m) ^Wl = Homo^^ {Ox^ ® Wa, Ox^) 

is an injective morphism (See Lemma 19 of [S2]). Write T = O <SiW* / J^q{—m) and 
Tx the restriction of T on {x}, one has the following functors 

F,G,H:A^ Set 

F{A) := {isomorphic classes of (C^^ J^a ^ 0, Wa)} 

G{A) := {isomorphic classes of (O^^ — > J^a — 0)} 

H{A) := {isomorphic classes of {Ox^ Ta ^ 0)}, 
where J^a and Ta are ^-flat, Ta has support {x} x Spec{A), the functors satisfy 

F{A/mA) = {{OPx^^<i^0,W)} 

G{A/mA) = {m ^ ^ m 

H{A/mA)^{{O'x^Tx^0)}. 
We have two morphisms /i : F — > G and /2 : F — > defined by 

/i((0^^ -^Ta^O, Wa)) = (O^ - - 0) 

f2{{O^X. ^Ta^ ^,Wa)) = {WX ^ WX/J'A{-m)\^xy^SpeciA) ^ 0). 
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Lemma 4.7. The morphisms fi'.F^G and f2-F^H are formally smooth. 

Proof. See Lemma 23 and Lemma 24 of [S2]. 

Suppose that R = Ox = C[Ti, T2]/(Ti • T2), and = Ti, w = T2 the elements of 
R. Then the matrices 

^ , 13 ={v-lr U-lr) 

determine an exact sequence 

(*) A R^"- A i?^ ^ ^ 0. 

We define the functor $ : A — > Set by associating a object ^ e A the set of 
isomorphic classes 

{R ®c Af^ ^ {R ®c ^ {R ®c Ay -^Ta^O 

of deformations of (*), with Ta — Coker{/3A) A-flat. One proved that $ is iso- 
morphic to H (See Proposition 29 of [S2]). On the other hand, we consider the 
variety 

Z = {{X,Y) eM{r) X M{r)\X -Y = Y ■ X = 0}. 
For any {X,Y) e Z{A), where X = {xij)rxr, Y = {yij)rxr, the matrices 

OiA{X,Y) = (^^y"^ V^I^ ) ' ^MX,y) = {V-Ir-Y U-lr-X) 

determine, if Xij G and yij G niA = 1, 2, ■ ■ ■ , r), a deformation 

((*)(X,n) (R ®C Af- ^^(^ Afr ^Mx^ ^Ta^O 

of (*), which gives an element of In fact, Oz, {0,0) represents the functor $ 

(See Proposition 28 of [S2]). Thus we get the local model Z of Q at q. It is not 
difficult to see that the local model of Wa at q is 

Z' = {{X, Y) e Z\ rk{X) + rk{Y) < a} 

if we remark that Im{[3A{x,Y))®R/'^R has rank 2r — rank{X)—rank{Y). Namely, 

^W^Ji'^U--- ,Un]] = Oz',{0,0)[[vi,--- ,Vt]] 

for some n and t. To prove the seminormality of VVa, we will need 
Lemma 4.8. Let R be a ring, X — (3^ij)rxrj Y — {yij^xr dfid 

W{ku k2) = {{X, Y)\XY = FX = 0, rank{X) < ki, rank{Y) < /ca} 
I{ki,k2) = iXY,YXJkAX)Jk,{Y))R[X,Y]. 
If B{ki, k2) is the reduced coordinate ring of W{ki, k2), then 

B{ki,k2) = R[X,Y]/I{ki,k2). 

Moreover, if R is Cohen- Macaulay and normal, the W{ki,k2) are Cohen- Macaulay 
and normal if k\ + k2 < r. 

Proof See Theorem 2.9 and Theorem 2.14 of [St]. 
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Theorem 4.2. The varieties Wa (0 < a < r) are seminormal. In particular, the 
varieties Wo (0 < a <r) are seminormal. 

Proof. By Proposition 4.4, we only need to check that Oz',(o,o)[bi) ■ ■ ■ ■, vt]] is semi- 
normal. It is clear that 

a a 

Z' =[j W{k, a-k), Oz' ^ C[X, Y]/ Pi I{k, a - k). 
It is easy to check that, for any < Z < a, 

a— I a— I 

(4.15) Pi I{k, a - k) + I{a - I + 1,1 - 1) = f] I{k, I - 1). 

k=0 fc=0 

Thus one can use (2) of Proposition 4.4 to prove that Oz' is seminormal since 
the normality of W{k, a — k). But (4.15) and the normality are unchanged under 
completion, a classic fact (for example, see §13 of [ZS]), we proved the seminormality 
of Oz', {o,o)[[vi, • • • , vt]] by the same reason. 

§5 CODIMENSION COMPUTATIONS AND THE VANISHING THEOREMS 

We are going to prove the vanishing theorems in this section. For this purpose, 
we need some computations of codimensions, which may have some independent 
interest. Let ^ be a vector space of dimension r and V' G V a ri -dimensional 
subspace. We denote the flag variety of type n — (ni, • • • , n^+i) by Flagfi{V), and 
its closed point 

(F = Vb D Fi D • • • D D = 0) 

by F{V). We begin the story by the following lemma. 
Lemma 5.1. For any partition ri = mi + • • • + mi+i with mi > 0, let 

n(V') = {F{V) e FlagH{V)\dim{V' n Vi) > n - (mi + ■ • • + m,)}. 
Then we have 

i+i j 
codi'm{Q{V')) — '^^{nj — mj)(ri — ^^m^). 

i=i i=i 

Proof. The closed points of Flagfi{V) can be expressed as the quotients 

[V = V/Vi+i -^V/Vi^ > V/Vi ^ 0) 

with dim{V/Vi) = ni + ■ ■ ■ + Ui and the closed points of Q{V') is the points of 
FlaQfiiy) such that 

rankiy' — > V/Vi) < mi + ■ ■ ■ + m^. 

By Proposition 9.6 and Remark 9.16 of [Fu], there exists, for any n > r, a unique 
permutation a; e such that 

ru>ini-\ \-ni,ri) = mi H h m^ 

(We take ai = ri, 1 < i < I + 1 and bi = ni + • • • + in Proposition 9.6 

of [Fu]). Thus the codimension of ^{V) is £{oj) (See Proposition 8.1 of [Fu]). By 
Proposition 9.6 (c) of [Fu], we compute that 

i+i j 

j=i i=i 

which proves the lemma. 
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Proposition 5.1. With the same notation as before, we have the following esti- 
mations of codimensions. 

(1) codim{n^^ \ n^) >{r-l){g-l) + l if \I\ > 0, and codim{n^^ \ U^) > 
(r-l)(|-l)j/|/| =0. 

(2) codim{nF \ 7^**) > {r - l){g - 1) + 1. 

Proof. Recall that TZp = XQ^-^^ofiffj(a;)(jF^), the tangent space of at point 

xei 

{0 ^ K ^ ^ E ^ 0) e Of H^{X,K'^ ® E). Since ^ H^{E) and 
H^{E) = (By the definition of Qf), we have exact sequence 

(5.1) ^ H^iE"^ ^E)^C^^C^ ^ H^{K^ ® E) ^ H^{E'^ ® E) ^ 0. 

Riemann-Roch theorem implies that dimH'^{K^ ®E) = r'^{g—l) + l+dim PGL{h). 
Thus 

dimTZp = r'^{g — 1) + 1 + dim Flag^^^) i^x) + dim PGL{h). 

We will deal with (1) in detail. Consider a point E e T^'^'* \ 7^*, it is an extension 

0^Ei^E^E2^0 
by two vector bundles Ej of rank rj and degree dj such that 

(5.2) pardeg{Ei) = — pardeg(E), 

r 

where we take the induced parabolic structures on Ej. Let 

E^ = Fo{E)^ D Fi{E)^ D • • • D Fi^{E)^ D Fi^+i{E)x = 
be the quasi-parabolic structure of £^ at a; e /, with weight 

< ai{x) < a2{x) < ■ ■ ■ < ai^+i{x) < k, 
and let mi{x) = dim{Eix n Fi-i{E)x/ Ei^ fl Fi{E)x), then we rewrite (5.2) into 

(5.3) rdi — rid = — (rini(x) — rmi{x))ai{x). 

X&I 1=1 

We will now describe a (countable) number of quasi-projective varieties parametris- 
ing such parabolic bundles. 

For J = 1, 2, let dj, rj and hj be integers such that di + d2 = d, ri + r2 = r and 
^1 + ^2 = n. For each x & I, let m,i{x), ■ ■ ■ ,mi^+i be non-negative integers such 
that ri = mi{x) + • — h mi^+i(a;) and 

i^+i 

rdi - 'rid= - {rini{x) - rmi{x))ai{x) . 
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Let Q-^ (j = 1, 2) be the Quot scheme of rank rj, degree dj quotients 

and Q,-p the open subset of locally free quotients with vanishing H^(Ej) such that 
^n, ^ H^{Ej). Let J^j be the universal quotient on X x Qj^, F = Q), x Q|, and 
JF = JTa^ ® jTi on X X F. If we set / : X X y ^ y and 

Vh. ={ye V\h\f-\y),J^\f-^^y^) = h'}. 

Then V/^i are locally closed subschemes (with the reduced structure) of V, and 

R^f*{T) is locally free of rank h}- on V^i. We define varieties P/ji as follows 

(1) If = 0, we set P^i = V and J^''' = J^i © J^2 on X x F 

(2) If > 0, we define P/^i = P((i?V*-^)^) to be the projective bundle on V^i , 
and to be the universal extension 

^ J^i O Op^(l) ^ J^'^' ^ ^ 

on X X P/ji . 

For any x & I and v{x) = {ri,di,h^,mi{x), - • • ,mi^+i{x)), we define a locally 
closed subscheme of Flag^K^^) {^x ) to be 

{E, = Fo(£;), D F^{E)x D • • • D D = 0)' 

x° = < * 



and let 



v{x}- 

xei 



Each Xy parametrises a family of parabolic bundles E, which occur as extensions 
0^Ei^E^E2^0 (the extension being split if = 0), with parabolic 
structures at x G / of type n{x) ~ (ni(x), • • • , n;^_|_i(x)), whose induced parabolic 
structures on Ei are of type {mi{x), ■ ■ ■ , mi^+i{x)) (we will forget mi{x) if it is 
zero). The dimension of are not bigger than 

(^ - 1) E + E dim PGL{n,) + 2 + /i^ - 1 + Ex€/ dim if /i^ > 

- 1) E rf + E dim PGL{ni) + 2 + cJ*™ if /i^ = 

where i = 1,2. Let X^^ be the open set of semistable parabolic bundles, and let 
F{v) be the frame-bundle of the direct image of J^{v) (the puUback of J^^ ) on Xf,^ . 
There is a map from each F{v) to 7t** \ 7t*, and the union of the images covers 
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where e is the infimum of the dimensions of the irreducible components of the fibres. 
If a vector bundle E is an extension 

(5.4) 0^Ei^E^E2^0 

then it is easy to see that 



dim{Aut{E)) > 



2 + dim{H^{E^ ® Ei)) if (5.4) is splitting 
1 + dim{H^{E^ ® E^)) if (5.4) is not splitting 



Since the E are generated by sections, any automorphism of E acts nontrivially on 
the frames of H^{E), we have 

(1) e > dim{H^{E^ Ei)) + fij + nl if = 0, and 

(2) e > dim{H\E^ (g) Ei)) + nf + n| - 1 if /i^ > 0. 

Thus, by using Riemann-Roch theorem, the codimension of the images are bounded 
below by 

rir2{g - 1) + codim{X^f^^^) + rdi - rid. 
xei 

By Lemma 5.1 and (5.3), note that rir2 — ri{r — ri) > r — 1, we have 

j=i i=i 



codim{W \ 7^*) > (r - 1)(^ - 1) + J] < 

xei 



> . 



Since ri = X^iLi^^il^^) ^ind r = X^iLi^ '^i(^)) the first statement of the lemma 
follows the following Lemma 5.2. 

Now we prove (2) of the lemma, the arguments is word by word as above, except 
that we replace the equality (5.3) by an inequality 

rdi — rid > — {rini{x) — rmi{x))ai{x) . 

xei 1=1 

Lemma 5.2. For any integers rij > and nij > (j = 1, - • ■ ,1 + 1) with uj > ruj, 
letQ < ai < ■ • • < aj+i < 1 be rational numbers, then 

l+i l+i l+i l+i l+i j l+i l+i 

j=l j=l j=l j=l j=l i=l j=l j=l 

Moreover, if nj > X^^ii mj > 0, we have the strict inequality 
i+i i+i i+i i+i i+i j i+i i+i 
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Proof. We check it by induction for I, let (*) denote the inequahty, LHS{*) and 
RHS{*) denote the 'left (right)-hand side of (*)'. When Z = 1, we have 

LHS{*) — RHS{*) — m2{ni — mi) + (min2 — m2ni)(a2 — ai), 

which satisfies the lemma. Assume that (*) is true for Z — 1, then 

LHS{*) - RHS{*) > mi+i ^{rij - rrij) - ^{mi+irij - ni+-i_mj){ai+i - aj), 

3=1 3=1 

which is a strict inequality if > ^' =1 fnj > 0. When m^+i = 0, LHS{*) — 

RHS{*) > ni+i — Oj)mj > 0, which is strict if % > Sj=i ™j > 0- 

When mi+i > 0, we have that 

LHS{*) - RHS{*) > mi+i i V(nj- - mj) - V(nj- - ^^^mj)(a,+i - Uj) i > 0, 

(U U '^'+' J 

which is strict if n^+i > m/+i. The lemma is proved. 

Proposition 5.2. Let v{ = Pi(r - 1) U f)\ and v{ = V2{r - 1) U f)\. Then 

(1) Codimin \ n"') > (r - 1)^ + 1. 

(2) The complement in TZ'^^ \ {v( U V^} of the set IZ'^ of stable points has 
codimension > (r — 1)^ + 1 if\I\ > 0, and codimension > {r — l)g if\I\ = 0. 

Proof. We will prove (1) in detail, and (2) will follow similarly. For any {E, Q) e 
H \ TZ'^^ with © Q — > 0, there exists a nontrivial subsheaf Ei C -E, of 

rank{Ei) = n > 0, such that EjEi is torsion free outside {xi.,X2\ and 

(5.5) pardeg{Ei) — dim{Q^^) > — {pardeg{E) — r). 

In fact, we can choose Ei such that E/Ei = E2 is torsion free. If E2 has torsion 

xi^i © X2'^2j and let Ei D Ei be the inverse image in E of xi^i © X2''"2- Then 
pardeg{Ei) = pardeg{Ei) + dim{Ti) + dim{T2) and 

dim{Q^^) — dim{Q^^) < dimiji) + dim{T2) — pardeg{Ei) ~ pardeg{Ei), 

which shows that Ei satisfies (5.5), and we can choose Ei instead of Ei. Thus E 
is an extension 

0-^Ei^E^E2^0 

with E2 torsion free (Note that r2 = rank{E2) > 0) and Ei satisfying (5.5). 

We can write E ^ E' ® ^^C^i © C^' and Ei ^ E[ ® ^,C"i © ^^C^^ ^i^h E' 
and E[ torsion free. Thus {E, Q) is a GPS such that E' = E/Tot{E) occurs as an 
extension 

0^ E[^ E' ^ E'^^O (where E'^ = E2) 

with pardeg{E[) > dim{Q^^) + ^pardeg{E) — ri — si — 82- When d = deg{E) = 
deg{E') + si + S2 is large enough (so is deg{E') since si + S2 < r), we can assume 

TTf/ ] TTi/ „ J- — ] u,. ] ul^'I7l/^ ul^'I7'/^ n 
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Let dj — deg{Ej), rj = rank{E'-) {j = 1, 2) and, for any x e /, 

mi{x) = dim{E[^ n Fi_i{E)^/E[^ n Fi{E)^) 

where E^ = Fq{E)^ D Fi{E)^ D ■■■ D Fi^{E)^ D Fi^+i{E)^ = is the quasi- 
parabohc structure of at x G / of type (ni(x), • • • , n/^_|_i(x)), with weights 

< ai{x) < a2(x) < ■ ■ ■ < ai^+i(x) < k. 

Let t = dim{Q^^) and s = si + S2, then s <t < r and 

(5.6) rdi - rid > r{t - s - ri) + - ^ ^ (^177,1(0;) - rmi{x))ai{x) . 

Let V = {di,ri, si, S2,t, {mi{x), ■ ■ ■ ,mi^-^i{x)}xei: h), where /i > is an integer, 
we wiU construct a variety F{v) with a morphism F{v) — > 7i \ TZ'^^ such that its 
image contains the point {E, Q). 

For j = 1,2, let hj = dimH^{E'-), Q-' the Quot scheme of rank rj, degree dj 
quotients O"^^ ^ E'- ^ Q and the open subset of locally free quotients with 
vanishing H^[E'-) and E'- generated by global sections. Let £j be the universal 

quotient on X x Q],, F = Q]^ x and = S'^ ® S[ on X x V . We have V = 
U^>o and R^f^^iJ-') is locally free of rank h on Vh (See the proof of Proposition 

5.1), where f : X x V ^ V is the projection. Let = P((i?V*-^)^) be the 
projective bundle on and 

(5.7) ^ £:( (g) Op^ (-1) ^ £:'(/i) ^ ^ 

the universal extension on X x Ph (We set Ph = V and i^'(/i) = © ^ = 0)- 
For v' — {di, ri, {mi(x), • • • , m2^_|_i(x)}a;£/, /i), as in the proof of Proposition 5.1, 
we can define a variety X{v') — > Ph- It parametrises a family of parabolic bundles 
which occur as extensions £'2 (the extension being split 

if /i = 0), with parabolic structures at x G / of type n{x) = ni{x), ■ ■ ■ , ni^^i{x)), 
whose induced parabolic structures on E'l are of type (mi(a;), ■ ■ ■ , mi^+i{x)) (we 
will forget mi{x) if it is zero). Let S[{—1) — > S'{v') — >• £3 be the pull back 
of (5.7) on X X X{v'), and £{v') = £'{v') © ^^O'^ © ^^0^\ We consider 

= Grassr{£{v')^^ © £{v')^^) ^ X{v') 

and define a sub variety of G^' 

X( ) — I ^^^1 © ^ <5 ^ 0) G G^/) with dim{ker{q) n (C^^ © C"^)) = 
^ ' \ and dim{ker{q) n (E^^^ © C"'^ © ^i^^ © C^^)) = 2ri + s - t 

Then X{v) parametrises a family of GPS {E ^ E' ® ^^C«i © X2C*^ Q), where 
E' occurs as an extension — > — » i?2 ^ (it is split if /i = 0) with 
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E[ are of type (mi (a;), • • • , mi^^i{x)) (we will forget mi{x) if it is zero), such that 
a;iC*i ® K2*C!*^ ^ Q is injective and 

rank(E(^^ © C^^ ®E[^^(B C'^ ^Q)=t. 

One computes dimX{v) = dimX{v') + r(r + s) — (r — t)(2ri + s — t). Let £(f ) be 
the pull back of E{v') on X x X{v) — > X x X(f '), and let F{v) be the frame bundle 
of the direct image of £{v) on X{v), then there is a morphism F{v) H ^ TZ'^^ 
whose image contains {E,Q). 

Therefore we have a (countable) number of quasi-projective varieties F{v) and 
morphisms F{v) — > 7i \ 7^'^'^ such that the union of the images covers Ti. \ T^'****. 
Since the sheaf E' © xiC''^ © X2^'^^ has an automorphism group of dimension at 
least dim Aut{E') + rs + s^, and the dimension of H is 

r^{g - 1) + 1 + + ^ dim Flag + dimPGL{h), 

we find that the codimension of ?i \ TZ'^^ is bounded below by 

rir2{g - 1) + + ris + (r - t)(2ri + s - t) + 
rdi -rid+^ ^i'>^i -^'>T^i{^)){'^j{^) 

By using (5.6), we get 

codim{n \ n'^^) >rir2g + (ri - t)^ + {ri-t + s)s 

( /x+l J 



(5.8) ^ 

xei 



0=1 i=l 



+ ^^(rinj(a;) — rmj{x)) 



It is clear that {ri —t)'^ + {ri —t + s)s > when t < ri + s. Otherwise, if t > ri + s, 
we have (ri - t)^ + (ri - t + s)s = + (t - ri){t - ri - s) > s^. Thus 

codim{n \ :^'^^) > (r - 1)^ + 1, 

and we have proved (1) of the proposition. 

For any {E, Q) e TZ'^^ \ {V( UV(}\ U'^ with E^^ ® E^^ ^ Q ^ 0, there is a 
subsheaf E C E such that E/E is torsion free outside {xi, X2}, which contracdicting 
the stability. One can show that E has to be of rank < ri < r. Otherwise, E 
must satisfy the exact sequence 
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with dim{Ti (BT2) — dim{Q/Q^), and we have the diagram 

e > e E^^ > n e t2 > o 

> > Q > Q/Q^ > 0. 



Since Qj : E^. — > Q (j = 1,2) are isomorphisms, r,- have to be zero. Thus (2) now 
follows the same proof except that we replace the inequality (5.6) by an equality. 

Remark 5.1. It is not true that TZ'^^ \ TZ!^ has codimension > 1. Points on v{ = 
Pi(r -l)ut)\ and X>| = P2(r - 1) U are never stable (See Remark 1.2). The 
above codimension bound breaks down because, for (£^, Q) eT>( UV^., we can not 
assume that the subsheaf contradicting stability is of rank < ri < r. 

We denote the Jacobian of degree d line bundles on X by J~. and the Poincare 

line bundle on X x Ji hy C Let 



X 

Qy := (detRTTjC) O {det£.yf+^-^ 

and Det : 7?.i? — > J~ the morphism given by the determinant of the universal 
quotient bundle. This induces a morphism Uj^ — > J~, which will also be denoted 
by Det. On TZp, one sees easily that 

(5.9) {detRn^^detS)-^ = {det Syf^+'^^'-^^^'^-^^ Det*Q-^. 

Lemma 5.3. Let Det : — > J~ he the induced morphism by Det : TZp ^ J'L- 
Then 

Qu~ ® {Det*Qyy^ 

is ample if k > 2r. 

Proof. Let U~ be the fibre of Det : M at L e M- One has a r^^-fold 

•' X X X 

covering 

given by /(£", Lq) = E Lq. We will show that Qu~ ^ {Det*Qy)~'^ is ample when 
pulled back to this finite cover. 

One can show that U~ is unirational, which implies that 

Pic{U^ xJ~) = Pic{U^) X Pic{j\). 

Hence it suffices to check that the restriction to each factor is ample. The restriction 
to the first factor is ©w- \ui. 1 which is clearly ample. 



The restriction to the second factor is /*(©w~)|jo ® f*{Det*Qy) ^|jo . Write 
Ml = /*(6w~)|jo and M2 = /*(Det*0y)~^| jo , we are left with the task of proving 



X 



that Ml ® M2 is ample. It is easy to see that Mi = f^Qu- and M2 = /^(©u^), 
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and f2{Lo) — Lq®L. If we identify J~ with J~ by the isomorphism J~ J~ and 
work up to algebraic equivalence, then M2 = ^) is algebraically equivalent 

to Qy^^^ , where [r] '■ J'^ ^ is the finite cover given by [r](-Lo) = Lq. To figure 
Ml out, we consider the commutative diagram 

XxJl XxU^ 

4 ^x- 

By the base change theorem, if C denote a Poincare bundle on X x J-., then 

Ml = {detRnjE ^ Cf ® (g){(det ® (g)(rfet ® {detCyY^, 

xei i=i 

which is clearly algebraic equivalent to 

{det RtTjE ® C)^ ® {det Cy)^^eiT.\U di{x)n{x)+rY.,ej c^.+ri 

= {det RttjE ® Cf ® {det Cyf^. 
On the other hand, since E is generated by sections and det{E) = L, we have 

Thus {detR-KjE ® C) = {det RiTjCf-'^ ® detR'Kj{L (g) £), and Mi is algebraically 
equivalent to 

{det RttjC ® {det ® {det R7Tj{L ® £) ® (det(L ® £)y)'^+^-^}'' . 

After identifying J~ with J~, we see that Mi is algebraically equivalent to 0^^^. 

Thus Ml (g) M2 is algebraically equivalent to , which is clearly ample when 

k > 2r. 



The next lemma is a copy of Lemma 4.17 of [NR], one can see [Kn] for its detail 
proof. 

Lemma 5.4. Let X be a normal, Cohen-Macaulay variety on which a reductive 
group G acts, such that a good quotient it : X ^ Y exists. Suppose that the action 
is generically free and that dim{G) = dim{X) — dim{Y), and further suppose that 

(1) the subset where the action is not free has codimension > 2, and 

(2) for every prime divisor D in X, tt{D) has codimension < 1, where D need 
not be invariant. 

Then ujy = {t^*i^x)^ where ux, cjy o,re the respective dualising sheaves and the 
superscript { denotes the G -invariant direct image. 

Fix an ample line bundle on X, and a set of data 



r„ 1 T\ 
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satisfying 

(5.10) ^^di(x)ri(a;) +r^aa; + ri'= /cn, 

u) determines a polarisation (for fixed 0{1)) 

i 



m 

We denote the set of semistable points for the SL{n) action under this polarisation 
by TZ^^ ClZp-, and its good quotient by ^. 

xei i=i. 
descends to an ample line bundle ^u- on ^, and we need to prove that 

Theorem 5.1. Assume that g >2. Then, for any set of data u> satisfying (5.10), 

Proof. We can assume that r > 2 since the vanishing theorem for r = 2 is known 
(See [NR] and [Ra]). Let u = {d,r, kj, {d^{x)}^^i^i<i<i^, {a^}^^i, I) be a new set 
of data with k = k + 2r, £ — 2h + £ — r\I\, di{x) = di{x) + ni{x) + ni-\.i{x) and 

«a; = «a; + + let 



% -.^{detRT^^^Sf ® (g) <^ {det8:,f^ ® l^{det 

xei I i=i 

(^{det£,)-^ (^{detSgf-'' ® ((iet^j,)2^+2('"-i)(5-i)+^' 

x€l q 



One can check that 

^x 



(5.11) di{x)ri{x) + r ax + r£ = kn. 

x£l i=l x€l 

u determines a new polarisation 



— X 
m 

x€l 



Y[{ax,di{x),--- ,di^(x)}. 



We denote the set of semistable points for the SL{n) action under the new polari- 
sation by 7t?f cTZf, and its good quotient 
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©a) descends to an ample line bundle 0^, (See Remark 1.1 (2)). By Proposition 2.2 
and (5.9), we have 

(5.12) ® a;-^ = ©c^ ® Det*e-^. 

Since we assumed that ^ > 2 and r > 2, the codimension of TZp x T^tf 

at least 3 (See Proposition 5.1 (2)). Thus, by local cohomology theory, we have 

(5.13) H\ni;, e^.^r- = H\nF, ©^ )-- = H\nt,^ e^^.y--. 

UJ ^ UJ 

Since codim{'TZ^^ ^ 2 (See Proposition 5.1 (1)), by using Lemma 5.4, we have 

(See Lemma 6.3 of [NR]). By (5.12), we can write 

(5.14) ©^,3 = VS(0u> ® Det*e-^)®u;^,,. 

One use the fact that for good quotients the space of invariants of the cohomology 
of an invariant line bundle is the same as the cohomology of the invariant direct 
image and (5.14) to prove that 

H\n%% ©^3.)'"'^ = H\U^ -, ©^ ® DeeQ-^ ® (V'c.*^^..)^"") 
= H\U^ -, ©^ ® Det*Q-^ ® uu- J. 

Now since ©a> (8)-De/;*©~^ is an ample line bundle by Lemma 5.3 (Note that k > 2r) 
and Uj^ - has only rational singularities, we can apply a Kodaira-type vanishing 
theorem (See Theorem 7.80(f) of [SS]) and conclude that 

Remark 5.2. (1) To check (5.11), one has to show that for any a; e / 

f{.ni^+i{.x) - r) + ^ri{x){ni{x) +ni+i(x)) = 0. 



i=l 



Note that r = n/^+i(a;) + X^^li ni(x) and ni(x) = ri{x) — ri-i{x), we have to show 
that 

^{ri_i(a;)(r - ri{x)) - ri{x){r - ri+i{x))} = 0, 

which is clearly true since ro{x) = 0. 

(2) Since p^{Q') — for alH > (Note that p : IZ'p TZp is a grassmannian 

bundle over Uf), we have H^{n'p, 0')''^'' = H^{TZf, p*©')'"""- By using the canon- 
ical decomposition (See Remark 4.2) and the vanishing Theorem 5.1, we can show 
that H^n'p.Q'Y'''' = 0. 

Next we will show the vanishing theorem for the moduli space of semistable 
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Theorem 5.2. Assume that g >S. Then H^{Ux, ^Ux) — 0- 

Proof. It will be reduced to prove a vanishing theorem for V since the following 
lemma. 

Lemma 5.5. For < a < r, the natural maps H^iyVa^^Ux) ^ {'Di{a) , Q-p) 
are injective. In particular, H^(Uxi ©Wx) ~^ H^iJ^i ©p) injective. 

Proof. It is known that '■— (t>\vi{a) '■ ^i(o) — > VVa is the normalisation of Wa (See 
Proposition 2.1). If Wa-i is empty, (pa is an isomorphism and the lemma is clear. 
If Wo-i is not empty, Wa-i is the non-normal locus of Wa and we are reduced to 
prove that 

H\yVa-i, Qux) ^ H\Vi{a) n ©2 U Pi(a - 1), Gp) 
is injective by Lemma 4.3 (2). Thus it is enough to show that 

H\Wa-i, Qux) ^ H\V^{a - 1), Or) 

is injective, and we are done by induction since 0o '■ ^i(O) Wo is always an 
isomorphism. 

In order to prove the vanishing theorem for V, we have to prepare some lemmas. 

Lemma 5.6. Assume g > 2. Then {i/j'^uiny^^ = where co-p is the canonical 
(dualising) sheaf of V. 

Proof. We will check the conditions of Lemma 5.4. By Proposition 5.1 (2), V(j^{d—r) 
contains a stable bundle, and thus Wq contains a stable parabolic sheaf by Lemma 
2.8, which shows that there exist stable parabolic bundles on X since stability is 
an open condition. Thus there exist stable generalised parabolic bundles on X by 
Lemma 2.2 (2), and the action of PGL{n) on Ti, is therefore generically free. We 
now check conditions (1) and (2) of Lemma 5.4. 

(1) By Proposition 5.2 (2), the nonstable locus in 7?.'**\{I>{u'D2 } has codimen- 
sion > 2. We need to show that each of the Vj{r — 1) and "D* contains GPS 

with no automorphism except scales. Take j = 1 for definiteness, let i? be a 
stable parabolic bundle on X of degree d — r, let E — E Q) ^^C^ and define 
the GPS structure on E as follows. We take Q = C^, the map E^^ — > Q 
to be the obvious projection, and the map E^-^ Q any isomorphism. 
This yields, after an identification H^{E) = C", a point on T)\ as required. 
Next consider E = E ® 0^{x2)-i the GPS structure being given by taking 
Q = Ex2i the map Ex^ — > Q being zero, and the map Ex2 — Q the residue 
Ca;2(^2) — C. This yields a point on 'Di(r — 1) with only automorphisms 
by scales. 

(2) If a prime divisor is not contained in the nonstable locus, its image in V 
will have codimension one. If it is contained in the nonstable locus, then, 
by (2) of Proposition 5.2, it has to be one of the {Vj{r - 1))** and {V^^)'' . 
We have already seen that the respective images of these in V are the Vj 
by Proposition 3.3. 
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Lemma 5.7. There is a morphism Det : Ti J~ which extends the determinant 
morphism on the open set TZ'p. Moreover, it yields a flat morphism Det :V^J~.. 

Proof. Note that, on X x H, we have an exact squence 

and /C is flat over H since £ is so. One proves that /C is locally free on X xH (By- 
using Lemma 5.4 of [Ne]). Thus det{K,)~^ is a line bundle on X x 7Y, and gives a 
morphism 

Det-.n^ J~, 

which is clearly an extension of the determinant morphism on the open set TZ'p. 
Restricted to 7t'** the map Det clearly factors through the quotient by the SL{n) 
action and yields a morphism 

Det-.V^ J|, 

which we will prove to be a flat morphism. acts on V by 

{E, Q)^L- {E, Q) := {E ® 7r*L, Q^L^,). 

One checks that Det{L-{E, Q)) = Det{E, Q)®(7r*L)'". Note that the pull-back map 
— > J~ and the r-power map J~ — > J~ are surjective, and J~ acts transitively 

on J~, we can see that Det : — > J~ is flat by generic flatness. 

Let denote the (reduced) flbre over L e J~, and denote the (reduced) 
flbre of Det above L. Clearly is the GIT quotient of 7Y^, and all of the properties 
of TC and V continue to be valid for TC^ and V^. From the proof of above lemma, 
one sees that all of the fibres of Det : V J~ are reduced. Thus is also the 
scheme-theoretic fibre over L, and we have 

Proposition 5.3. The canonical (dualising) sheaf of is the restriction of co-p 
to V^. 

Proof. The following general fact can be proved by repeated use of Bertini (on U) 
and the adjunction formula: Suppose / : y — > C/ is a flat map of varieties, with U 
smooth and V Gorenstein. Let Vp be the scheme-theoretic flbre over p e U. Then 
the dualising sheaf of Vp is the restriction of the dualising sheaf of V. 

Proposition 5.4. Assume g>2. Then H'^{V^, Op) = for any L e J%. 

Proof. Let denote the restriction of u;-^ to . Then {il^ito^y^^ = ui-pL by 
Lemma 5.6 and Proposition 5.3. Recall that, for the polarisation 



^ — ^ X A; X TT{a^,rfi(a;),-- - ,di^{x)}, 
m 

the line bundle 0' was deflned to be 

{detR-KnSf ® <^{{deteX^ ® ^{det Qa,,if'^''^} ® {detEyf 
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which descends to the ample hne bundle Q-p if the polarisation satisfies 

di{x)ri{x) + r + r£ — kn. 

x£l i=l x€l 

Note that (1 x Det)*C = {detlC)~^ Tv^Af for a suitable line bundle Af on H, one 
sees that J\f = detJCx on for any x & X {x may be xi and X2), and 

{detRTT-n^detK,-^)-^ = (detSyf^+^'-^^^^'^-^l 

Thus, on Ti"'^, we have 0' = o;-^ by Proposition 3.4, where 

Q'^ ={detR'Kn^sf ® i^{{detS^f- ® (^{det Qx,if'^''^ {detSyY 

xei i=i 

^{det Qf ®{det8y)-'' 

with ^ = A; + 2r, £ = 2n + £ — r|/|, (ii(a;) = di{x) + ^^(a;) + ?7.i_|_i(a;) and ax = 
Oix + n'i^+i{x). One checks that 

'^'^di{x)ri{x) +r'^ax + r£ = kn. 

x£l i=l x€l 

The rest of the proof proceeds as Theorem 5.1 except that an analogue of Lemma 
5.3 is not needed. The Kodaira-type vanishing theorem and Hartogs-type extension 
theorem for cohomology are applicable since and are Cohen-Macaulay and 
have only rational singularities. 

Theorem 5.3. Assume g> 2. Then H^{V,er) = 0. 

Proof. We consider the flat morphism Det : — > J~ and try to decompose the 

direct image {Det)^Q-p. One can see that {Det)^Q'p = {(-Det^,^ J and the 
equalities 

hold by using Lemma 4.1 and Lemma 4.2, where Det~, : TZ'p J% is clearly fac- 

torized through the projection p : TZ'p —>■ TZp- Thus {Detj^, )*©' = {Detj^^)^p^Q' 
and, by Remark 4.2, we have 

{Det^,^)^Q' = 0(Det^M )*©;., 

where Detj^t, = Detj^^ ■ : TZp — > J~, which restricting to {TZ^Y^ induces a 
morphism Det a : W~ ^ J^. It is now clear that we have the decomposition 
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which imphes that H^{Ji, {Det)^Q-p) = by Theorem 5.1 since g > 2. On the 

other hand, E}{Det)^{Q-p) = by Proposition 5.4. Hence we are done by using 
spectral sequence. 
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